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Summary

In Section 1, we review important analytic results of the BD (birth-and-death) and BDI (birth-
and-death-with-immigration) processes. In Section 1.4, we present major findings we have made
based on numerical examples and simulation experiments.

In Part III-B [1], we showed that if the ratio ν(t)/λ(t) (where ν(t) is the arrival rate of infected
individuals from outside, and λ(t) is the secondary infection rate) is a constant for all time t, the
probability distribution of the infected is a time-varying negative binomial distribution (NBD) at
any t.

In Section 2, we analyze more general cases, where the above constant ratio assumption may
not necessarily hold. We introduce a multiplicative factor GC(z, t), which serves as a correcting
term in the probability generating function (PGF), and we show how the distribution deviates from
the NBD.

In Section 3, we obtain the PGF of the conditional probability that the time-varying BDI
process I(t) takes on i at t, given it is j at u (0 ≤ u ≤ t), where i and j are arbitrary non-negative
integers. This is a generalization of the result we presented as Proposition 1 in [1].

In Section 4, we present how our BDI based stochastic model can analyze situations, where
epidemics of various variants (e.g., Delta-type) and the original COVID-19 coexist. We illustrate,
with both analysis and simulation examples, how our BDI model can predict the behavior of the
epidemics.

Keywords: Stochastic model, Infectious disease, Birth-and-death (BD) process, Birth-and-death-
with-immigration (BDI) process, Partial differential equation, Time=homogeneous, Time-nonhomogeneous,
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1 BD and BDI Processes: Important Results

In the past reports, our primary focus has been on understanding how the infected process I(t) and
other processes such as B(t) (the cumulative count of infections) and R(t) (the cumulative count of
recoveries/removals/deaths) will behave in our stochastic model of an infectious disease based on the
birth-and-death (BD) process with or without immigration. In our context, a “birth” corresponds
to an internal infection, a “death”, to ending of an infectious period, and an “immigration” is an
arrival of an infected person from outside. We denote a BD process with immigration as a BDI
process.

1.1 Time-homogeneous BD and BDI processes

In [2, 3], we discussed a time-homogeneous BDI process I(t) of the birth rate λ, death rate µ and
immigration rate ν, all being constants.

Let Pn(t) be the time-dependent probability mass function (PMF) of the process I(t), which is
the number of infected (and infectious as well) persons in a community of of our interest (e.g.,
a country, a state or a city, and the like) at time t:

Pn(t) = P[I(t) = n], n = 0, 1, 2, . . . , and t ≥ 0. (1)

Let the immigration-rate ν represent the arrival at which infected persons enter per unit time,
and the birth-rate λ be the rate at which secondary infection occurs per infected person, and the
inverse of the death-rate, µ−1 represent the average time until an infected person remains infectious,
i.e., the mean infectious period, until his/her recovery, removal (to e.g., to a hospital), or death.
Assuming that the process I(t) is a Markov process1 it can be shown that the PMFs Pn(t) should

1Consider a discrete-time process {Xk}. It is called a Markov process , a.k.a Markov chain, if its entire history is
summarized in the present state Sk. If Sk = Xk−1, the process {Xk} is called a simple Markov chain or a 1st-order
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satisfy the following differential-difference equation, a.k.a. Kolmogorov’s forward equation: (see
e.g. [4], pp. 407-408, 463)

dP0(t)

dt
= −νP0(t) + µP1(t), (2)

dPn(t)

dt
= ((n− 1)λ+ ν)Pn−1(t)− (n(λ+ µ) + ν)Pn(t) + (n+ 1)µPn+1(t),

n = 1, 2, 3, . . . . (3)

The probability generating function (PGF) defined by

G(z, t) , E[zI(t)] =
∞∑
n=0

Pn(t)zn (4)

should satisfy the following partial differential equation (PDE) of planar type (see [2], (16), and
Appendix (A.1)):

∂G(z, t)

∂t
= (z − 1)

[
(λz − µ)

∂G(z, t)

∂z
+ νG(z, t)

]
, (5)

whose solution is given (see [2], (A.19), (46); [3], (9), (38)) as

G(z, t) =

(
1− β(t)

1− β(t)z

)r (α(t) + [1− α(t)− β(t)] z

1− β(t)z

)I0
, (6)

where I0 = I(0), and r is

r ,
ν

λ
. (7)

with the functions β(t) and α(t) (Figure 1) defined by

β(t) ,
λ(eat − 1)

λeat − µ
, and α(t) ,

µ

λ
β(t) =

µ(eat − 1)

λeat − µ
. (8)

where

a , λ− µ (9)

determines the rate of exponential growth (for a > 0)2 or the rate of exponential decay (for
a < 0).

We should note here that the function β(t) plays a central role in interpreting the NBD(negative
binomial distribution) of I(t) of a BDI process model with I0 = 0 (see (26) below), whereas the
probability that the BD process with I0 ≥ 1 enters the absorbing state 0 (hence the process
terminates there) is equal to α(t)I0 , in both time-homogeneous and time-nonhomogeneous cases
(see [5], (79)).

Markov chain; if Sk = (Xk−n, · · · , Xk−2, Xk−1), it is an n − th order Markov process. The Poisson process (or
pure birth process, the birth-and-death process are examples of continuous-time, discrete-state Markov process. Text
books and articles on Markov processes abound. See e.g., ibid, Chapters 12, 14-17.

2This exponential growth rate parameter a = λ − µ, when a > 0, is sometimes referred to as the Malthusian
number in deference of the British economist and demographer Thomas Malthus (1766-1834).
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Figure 1: Plots of α(t) (in red), β(t) (blue) defined in (8), where λ = 0.3 and µ = 0.1. The dashed curves are
α(t) = β(t) when λ→ µ (black) and µ→ λ (green)

Derivation of the PGF when a = 0
For a→ 0, i.e., λ→ µ or µ→ λ, the above expressions should be modified3:

lim
λ→µ

α(t)(= β(t)) =
µt

µt+ 1
, (10)

lim
µ→λ

α(t)(= β(t)) =
λt

λt+ 1
, (11)

The dashed curves (in green and black) in Figure 1 show these two cases. Note that α(t) and β(t)
reduce to one curve when λ = µ.

Product-Form of a BDI Process’ PGF with I0 ≥ 1
With the initial condition with I0 ≥ 1, the BDI process I(t) can be decomposed into two statis-

tically independent processes. The first component is due to the immigrants and their descendants.
In our context, they represent infected individuals who have arrived from outside and those who
become infected by second, tertiary, quaternary infections and so forth. The second component
of (6) represents the BD process with the initial value I0, not counting the immigrants. Thus, by
adding proper subscripts, we can rewrite (6) as

GBDI:I0(z; t) = GBDI:0(z; t)GBD:I0(z, t). (12)

The product form implies that the sub-processes are statistically independent, and thus we have
(see [2], (57))

IBDI:I0(t) = IBDI:0(t) + IBD:I0(t), (13)

BDI Process with I0 = 0

3We use the formula lima→0
eat−1
a

= t.
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From the PGF

GBDI:0(z; t) =

(
1− β(t)

1− β(t)z

)r
(14)

we can find the probability mass function (PMF): (see [2] (47))

Pn(t) , P[I(t)− n] =

(
n+ r − 1

n

)
(1− β(t))rβ(t)n, n = 0, 1, 2, . . . . (15)

This distribution is a generalization of the classical Pascal distribution or the (shifted) negative
binomial distribution (NBD) NB(k, q), which represents the probability of n, the number failures,
needed to achieve k successes in Bernoulli trials, when the probability of failure per trial is q. In
(15), the non-negative integer k is replaced by a non-negative real number r, and q is replaced by
β(t) in our model.

The mean and variance of I(t) are given (ibid., (52) and (53)) by

IBDI:0(t) , E[I(t)] =
rβ(t)

1− β(t)
=
ν

a
(eat − 1), (16)

σ2BDI:0(t) , E[(I(t)− I(t))2] =
rβ(t)

(1− β(t))2
=
ν(λeat − µ)(eat − 1)

a2
. (17)

BD Process with I0 ≥ 1
The PGF

GBD:I0(z; t) =

(
α(t) + [1− α(t)− β(t)] z

1− β(t)z

)I0
, (18)

represents the BD process with no immigration (i.e., ν = 0), often referred to as the Feller-Arley
(FA) process (see (6)). The expectation an variance of the this process are

IBD:I0(t) = E[IFA(t)] = I0

(
1− α(t)

1− β(t)

)
= I0e

at. (19)

σ2BD:I0(t) = I0
(1− α(t))(α(t) + β(t))

(1− β(t))2
= I0

(λ+ µ)

a
eat(eat − 1). (20)

The PMF can be found from the PGF (18) by finding the coefficients of the term zn in a polynomial
in z by expanding the expression and can be found as (see e.g., [6] (8.47), and [7].)

Pn(t) =

min{I0,n}∑
j=0

(
I0
j

)(
I0 + n− j − 1

I0 − 1

)
α(t)I0−jβ(t)I0−j(1− α(t)− β(t))j . (21)

When I0 = 1, this expression is reduced to:

P0(t) = α(t)

Pn(t) = (1− α(t))(1− β(t))β(t)n−1, n ≥ 1. (22)
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In [3],(58), we derived a formula for Pn(t), which is computationally more efficient, by rewriting
(18) as,

GBD:1(z; t) =

(
1− β(t)

1− β(t)z

)I0+r
(1− p(t) + p(t)z)I0 , (23)

where

p(t) =
1− α(t)− β(t)

1− α(t)
=
λ− µeat

a
. (24)

When I0 � 1, then (21) is computationally prohibitive. We will explore use of the saddle point
integration to obtain an approximate probability density function (see [8]).

1.2 Time-nonhomoegeneous BD and BDI Processes

Parts III-A [5] and III-B [1] have dealt with the time-nonhomogeneous case, where the model
parameters λ(t), µ(t) and ν(t) are arbitrary function of time t. We considered a simple example,
shown in Figure where only λ(t) changes from the initial value λ0 = 0.3 to a lower value λ1 = 0.06,
while µ(t) remains to be 0.1 as in the time-homogeneous case.
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Figure 2: The function λ(t) makes a transition
from λ0 = 0.3 down to λ1 = 0.06 over the
interval t1 = 50 to t1d = 50 + d where three
different delays are considered.

0 50 100 150 200 250 300

t

0

1

2

3

4

5

6

7

8

9

10

11

s(
t)

Plot of s(t)=
0
t  a(u) du

d=10
d=5
d=0

Figure 3: The function s(t) =
∫ t
0 (λ(u) −

µ(t))du: where λ(t) is given in Figure 2 and
µ(t) = 0.1 for all t.

The time-nonhomogeneous BD process
The exponentiation function eat is replaced by es(t), where s(t) is

s(t) ,
∫ t

0
a(u) du, where a(t) , λ(t)− µ(t). (25)
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and L(t) and M(t) are defined (cf. (58) and (60) in [5]) by

L(t) ,
∫ t

0
λ(u)e−s(u) du, and M(t) ,

∫ t

0
µ(u)e−s(u) du, (26)

Figure 26 shows that L(t) and M(t) rise exponentially at t = 200, although the change in λ(t) takes
at t = 50 (see Figure 2). “Why a delay of 150 days or longer to respond to the change in λ(t) at
t ≈ 50? ”(see Section 1.4 for an answer). The functions α(t) and β(t) of the time-nonhomogeneous
case are shown in Figure 5.4 Why does a sudden change of λ(t) at t ≈ 50 cause such slow transitions
in α(t) & β(t) as late as t ≈ 250 to t ≈ 400? (see Section 1.4). Note that initially α(t) & β quickly
rise from zero to their first plateau levels (i.e., µλ0 (= 1/3) & 1.0, respectively) and stay there for

almost 200 days until they slowly begin to shift to their new steady states (i.e., 1 and λ1
µ (= 0.5),

respectively). (see [5], (84)).
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Figure 4: Plot of L(t) and M(t).
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Figure 5: α(t) & β(t) for 0 ≤ t ≤ 500.

Bailey [6] gives the following expression (see ibid., p. 112 (9.31)5):

GBD:I0(t) =

(
1 +

z − 1

e−s(t) − L(t)(z − 1)

)I0
, (27)

which can be written in the same form as (18) (see Takagi [7], p. 176):

GBD:I0(z; t) =

(
α(t) + [1− α(t)− β(t)] z

1− β(t)z

)I0
, (28)

but α(t) and β(t) should be generalized, from (8) to their time-nonhomogeneous versions:

α(t) ,
M(t)

1 +M(t)
, and β(t) ,

L(t)

1 +M(t)
, (29)

4Note that the maximum time in this figure is extended to t = 500.
5Note that his ρ(t) is equivalent to −s(t) and he does not define the function L(t) nor M(t).
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The expressions for the expectation (19), variance (20), and the PMF (21) remain unchanged
with the redefined α(t) and β(t) (see [5], (21) and (89)):

I(t) = I0e
s(t), (30)

σ2I (t) = I
2s(t)
0 (L(t) +M(t)), (31)

Thus, the coefficient of variation is

cI(t) ,
σI(t)

I(t)
=

√
(L(t) +M(t))

I0
. (32)
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Figure 6: The function I(t) = I0e
s(t), with

ν(t) = 0 and I0 = 1: where s(t) is given in
Figure 3.
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Figure 7: The coefficient of variation of I(t),
where 0 < t < 300.

Deterministic Analysis of a Time-homogeneous BDI process I(t)
The expectation I(t) of the stochastic process I(t) can be found from the differential equation

(see [5], (2))

dI(t)

dt
= a(t)I(t) + ν(t), (33)

which leads to (see ibid., (14))

I(t) = I0e
s(t) +N(t)es(t), (34)

where

N(t) =

∫ t

0
ν(u)e−s(u) du. (35)
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The first term in (34) is the same as (30), thus the second term should represent the contribution
by immigrants and their descendants.

Obtaining the PGF of a Time-nonhomogeneous BDI process I(t)
The expression (34) suggests that the simple sum of (13) should hold for the time-nonhomogeneus

case, as well, and hence, the product-form expressions in the PGFs of (12), as well (see [1], Propo-
sition 1, (10)-(12)):

GBDI:I0(z; t) = GBDI:0(z; t)GBD:I0(z, t). (36)

We proved the above by solving the generalized version of PDE (5) (see [5] (50)):

∂G(z, t)

∂t
= (z − 1)

[
(λ(t)z − µ(t))

∂G(z, t)

∂z
+ ν(t)G(z, t)

]
, (37)

We also derived a closed form expression for the first component (see ibid., (12)6 ):

GBDI:0(z, t) = exp

(∫ t

0

ν(u)es(t)−s(u)(z − 1)

1− es(t)(L(t)− L(u))(z − 1)
du

)
, (38)

The variance can now be obtained (see Appendix A of this article) from the above PGF as

σ2I (t) = 2e2s(t){L(t)N(t)−
∫ t

0
ν(u)L(u)e−s(u) du}+N(t)es(t). (39)

Needless to say, the second term of (34) can be also derived from the PGF (38).

If ν(t)
λ(t) be kept constant r for all t, then we have a beautiful result (Corollary 1 in [1], p. 5,

(26)):

GBDI:0(z, t) =

(
1− β(t)

1− β(t)z

)r
. (40)

with β(t) of (29). As we remarked in ibid., p. 6, this assumption holds, if the government of the
community in question implements its border security control to the same extent as it orders its
citizens to limit their social activities, so that ν(t) and λ(t) be reduced simultaneously in a similar
fashion. Under this condition, the expressions for the expectation (16) and variance (17) of the
time-homogeneous case should hold for the time-nonhomogeneous case as well, using α(t) and β(t)
of (29).

The above formulas, however, become numerically unstable when β(t) ≈ 1. We should use,
instead (see [1], (45) and (50)):

IBDI:0(t) = N(t)es(t) (41)

σ2BDI:0(t) = rL(t)(1 +M(t))e2s(t). (42)

where L(t) and M(t) are defined by (26) and N(t) is (see ibid., (46))

N(t) =

∫ t

0
ν(u)e−s(u) du. (43)

6We used the subscript ID : 0 (ID stands for “immigration and death”) instead of BDI : 0.

Copyright ©Hisashi Kobayashi 2021 9



1.3 Immigration and Death Process, i.e., M(t)/M(t)/∞ Queue

If we set λ(t) = 0 in the result (36) we obtain the PGF for the “immigration-and-death process”,
which is an M(t)/M(t)/∞, i.e., a system with infinitely many severs, serving customers who arrive
as a Poisson process with rate ν(t) and require service of exponentially distributed service time of
mean µ(t) (see [1], (B.1)):

GID:I0(z; t) = GID:0(z; t)GD:I0(t). (44)

The assumption λ(t) = 0 leads to s(t) = −
∫ t
0 µ(u) du. Thus, by defining the function γ(t)

γ(t) , es(t) = e−
∫ t
0 µ(u) du, (45)

the first component of the product form (44) becomes (cf. ibid., (B.5))

GID:0(z, t) = exp

(
(z − 1)γ(t)

∫ t

0

ν(u)

γ(u)
du

)
= exp ((z − 1)m(t)) , where m(t) , γ(t)

∫ t

0

ν(u)

γ(u)
du, (46)

whose PMF yields a Poisson process with mean m(t). Thus,

P (ID:0)
n (t) =

m(t)n

n!
e−m(t), n = 0, 1, 2, . . . . (47)

The second component GD:I0(z, t) represents the PGF of the pure death process with the initial
population size I0. The λ(t) = 0 implies L(t) = β(t) = 0, and the identity equation (see [5], (61))
L(t)−M(t) = 1− e−s(t) implies in turn

γ(t) = es(t) =
1

M(t) + 1
, (48)

and thus

α(t) =
M(t)

M(t) + 1
= 1− γ(t). (49)

Thus, we find that

GD:I0(z, t) = (α(t) + [1− α(t)]z)I0 ,

= (1− γ(t) + γ(t)z)I0 (50)

whose PMF is the following binomial distribution:

P (D:I0)
n (t) =

(
I0
n

)
γ(t)n(1− γ(t))I0−n. (51)

Thus, the number of customers found in the M(t)/M(t)/∞ is sum of two independent processes;
one is a Poisson process with rate m(t), and the other is a pure death process with binomial
distribution with parameter γ(t).
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Figure 8: Simulation runs 1-6 of a BDI pro-
cess (λ = 0.3, µ = 0.1, ν = 0.2).
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Figure 9: Simulation runs 7-12 of a BDI pro-
cess (λ = 0.3, µ = 0.1, ν = 0.2).

1.4 Major Findings from Analysis and Simulations

In our study, we have carried out numerical analysis and simulation experiments to augment the
theoretical analysis outlines above. We will highlight some valuable findings below.

An Epidemic May be Initially Very Chaotic
As we discussed in [2], the initial phase of the epidemic pattern is characterized by negative

binomial distribution NB(k, q) ∼ NB(r, β(t)), where r and β(t) are defined by (7) and (8), respec-
tively. The function β(t) rises from β(0) = 0 rapidly towards the unity level (the time constant
of O(a−1), which is on the order of 5 days for a = 0, 2 (see Figure 1). For small r, and β(t) close
to unity, the NBD (15) exhibits a geometrically decaying distribution (see [2], legends r = 0.5 and
r = 1 (here q ∼ β(t) = 0.5, hence decaying rather rapidly; see also ibid., Figures 7-12, where
λ = 0.3 and µ = 0.1 are assumed.) As we showed in [2], Figures 1 and 3 (which we replicate as
Figures 8 and 9 here), the initial phase of the BDI process with I0 = 0 exhibits erratic behavior
and differs so much that some readers may find it difficult to believe that these 12 sample paths
are drawn from an ensemble of exactly identical model parameters.

Built-in Inertia in the Function s(t)
The key to answer the questions raised in Section 1.2, Item 1 concerning the shape of L(t)

&M(t), and α(t) & β(t) can be found in the function s(t) of (25) and plotted in Figure 3. Even
after the public has begun to respond to its government’s decree to decrease λ(t), the value of s(t)
continue to rise until λ(t) < µ(t).

After t = 50 + d (where d = 0, 5, or 10), the value of s(t) decreases linearly and I(t) decays
exponentially. But it is not until s(t) become close to zero, that the values of L(t) and M(t) begin
to change, because e−s(u) ≈ 0 until s(u) decreases to ≈ O(1). In other words, when s(t) become
above a certain level, the functions L(t) & M(t) become insensitive to minor changes in λ(t) and/or
µ(t) until s(t) comes down close to zero. This tendency applies to α(t) & β(t), as well, because
they are functions of L(t) and M(t).
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NBD Converges to Poisson, and Asymptotic Normality
Once I(t) grows beyond a certain level, a law of large number sets in, and the growth pattern

becomes more regular and predictable. There is no hard number or threshold beyond which, the
law of large number dictates. Our simulation study indicates that once I(t) has reached ≈ 200,
the future trajectory of a given simulation run (i.e., a sample path of I(t)) is predictable, as can
be more clearly seen in the semi-log plots, given in Figures 2 and 4 of [2], which we replicate here
as Figures 10 It seems plausible that at this level of I(t) ≈ 200, the aggregate process can be
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103

104
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Figure 10: Semi-log plots of Runs 1-6.
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Figure 11: Semi-log plots of Runs 7-12.

well approximated by a Poisson process and at the same time approaches a normal (i.e, Gaussian)
process.7

An NBD (negative binomial distributed) converges to a Poisson distribution (see e.g., [9], p.
281) as r → ∞ and q ∼ β(t) → 0, while rq remain a constant. We can interpret this convergence
in our situation as follows. If there are N descendants at a given time, each of them must be a
relatively young or its age being on the order of O(λ−1); otherwise, the total population becomes
N + 1 or greater, with newly born descendants 8. And each of them behaves as an NBD process
with NB(r, q) with q ≈ β(0) = 0. The PGF of N independent replicas of such an NBD random
variable should be given by (

1− q
1− qz

)rN
. (52)

Then, the mean is m = rNq
1−q , from which we have q = m

m+rN . Then the above PGF converges,
as N grows, to

lim
N→∞

(
1− q
1− qz

)rN
=

(
1− m

rN+m

1− mz
rN+m)

) rN+m
m

rN
rN+m

=
e−1

e−mz
= em(z−1) =

∞∑
n=0

mn

n!
e−m, (53)

7When we say a NBD process or Poisson process, which is an integer-valued process, can be approximated by a
normal process, we mean that the cumulative distribution, with proper scaling, becomes close to that of a normal
distribution.

8In our context, we assume that if an infectious person infects another individual, both are counted as newly born
(i.e., reproduced) person of age zero.
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which is the PGF of s Poisson distribution with mean m = rq
1−qN , where N ∼ I(t) and q ≈ β(0).

The fact that a Poisson distribution converges in distribution to a normal distribution can be
shown as a direct consequence of the central limit theorem. How soon should this asymptotic
normality occur is not an easy question to answer, but will be answered once we find a way to
compute an approximate PDF fI(x; t) (where fI(x; t)dx = P[x < I(t) ≤ x + dx]) via the saddle-
point approximation, which is currently under investigation [8].

2 Effect of r(t) = ν(t)
λ(t)

Not Being a Constant

In our previous paper [1] we have obtained a closed form expression for the probability generating
function (PGF) of a general time-nonhomogeneous BDI model. The PGF takes the form

GBDI:I0(z, t) = GBD:I0(z, t)GBDI:0(z, t), (54)

where GBD:I0(z, t) is the PGF of the BD (birth-death) process with the initial population I0,
originally derived by Kendall [10], shown in (70) of [5]

GBD:I0(z, t) =

(
1 +

es(t)(z − 1)

1− es(t)L(t)(z − 1)

)I0
. (55)

where s(t) is defined as (cf, [5] (10))

s(t) =

∫ t

0
(λ(u)− µ(u)) du, (56)

and L(t) is defined (cf. ibid., (77)) as

L(t) =

∫ t

0
λ(u)es(u) du. (57)

The second component of (54) GBDI:0(z, t) represents the contribution by immigrants and their
descendants, which the present author has obtained (see Proposition 1 [1])9:

GBDI:0(z, t) = exp

(∫ t

0

ν(u)es(t)−s(u)(z − 1)

1− es(t)(L(t)− L(u))(z − 1)
du

)
. (58)

We have also shown that this second component can be further decomposed to

GBDI:0(z, t) = GNB(z, t)GC(z, t), (59)

where the first component is the PGF of a negative binomial distributed (NBD) process NB(r(0), β(t)),

where r(0) = ν(0)
λ(0) .

GNB(z, t) ,
1(

1− es(t)L(t)(z − 1)
)r(0) =

(
1− β(t)

1− β(t)z

)r(0)
, (60)

9Note that we use the subscript BDI : 0 instead of ID : 0 used in [1].
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The function β(t) is defined in ibid. (77) as

β(t) ,
L(t)

1 +M(t)
, (61)

where M(t) is defined, similar to L(t) of (57), as (see ibid. (60))

M(t) =

∫ t

0
µ(u)e−s(u) du. (62)

The second term of (59), GC(z, t), is defined by (22) of [1]:

GC(z, t) , exp

(
−
∫ t

0
r′(u) log

(
1− es(t)(L(t)− L(u))(z − 1)

)
du

)
, (63)

which expresses the correcting effect on GBDI:0(z, t), when r′(u) 6= 0. Otherwise, GC(z, t) = 1 for
all z and t.

Now we note the following properties of the PGF GC(z, t):

1. Let us define

A(z, t, u) , 1− es(t)(L(t)− L(u))(z − 1), (64)

which leads to

GC(z, t) , exp

{
−
∫ t

0
r′(u) logA(z, t, u) du

}
(65)

we can readily see that at z = 1

GC(1, t) = 1, for all t, (66)

which implies that G(z, t) qualifies to be a PGF, if its coefficients of z in a polynomial
expansion are all non-negative.

If r′(u) = 0, then, as noted earlier, we have

GC(z, t) = 1 for all z and t. (67)

2. Consider a random process that has this GC(z, t) as its PGF, and we denote this process by
IC(t):

GC(z, t) = E[zIC(t)]. (68)

Then, the expected value of such process can be found from the PGF (65) as

E[IC(t)] = es(t)
∫ t

0
r′(u)(L(t)− L(u)) du. (69)
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Similarly, we can find the variance as

σ2IC (t) = E[IC(t)2]− E[IC(t)]2 = e2s(t)
∫ t

0
r′(u)(L(t)− L(u))2 du. (70)

The RHSs of both (69) and (70) can be simplified by using integration in part:∫ t

0
r′(u)(L(t)− L(u)) du = [r(u)(L(t)− L(u)]tu=0 +

∫ t

0
r(u)L′(u) du

=

∫ t

0
ν(u)e−s(u) du− r(0)L(t) = N(t)− r(0)L(t). (71)∫ t

0
r′(u)(L(t)− L(u))2 du =

[
r(u)(L(t)− L(u))2

]t
u=0

+ 2

∫ t

0
r(u)L′(u)(L(t)− L(u))e−s(u) du

= 2L(t)N(t)− 2

∫ t

0
ν(u)L(u)e−s(u) du− r(0)L(t)2 (72)

Thus, the c.v. (coefficient of variation) of the correction process IC(t) is

cIC (t) =

√∫ t
0 r
′(u)(L(t)− L(u))2 du∫ t

0 r
′(u)(L(t)− L(u)) du

=

√
2L(t)N(t)− 2

∫ t
0 ν(u)L(u)e−s(u) du− r(0)L(t)2

N(t)− r(0)L(t)
(73)

3 State Transition Probabilities and the Probability Generating
Function

Up to now, Part I through Part III-B, we have been concerned with the probability distributions
and their PGF, when the infection process I(t) begins at time t = 0 with a given initial value I0.
But in many situations, we may be interested in the future behavior of the process I(t), given its
value at some moment u, where 0 ≤ u ≤ t. In order to answer such a question, we need to obtain
state transition probabilities of the Markov process I(t) from the current value I(u) = j to its value
at arbitrary t, I(t) = k for arbitrary u and any state pairs (j, k) which are both in Z+, where

Z+ , {0, 1, 2, 3, · · · }. (74)

Let us define

Pjk(u, t) , P[I(t) = k|I(u) = j], j, k ∈ Z+, 0 ≤ u ≤ t <∞ (75)

and we want to find closed form expressions for this set of probabilities.
In principle, we can derive an answer from the closed form solutions that we obtained in [1],

which were found for any initial condition I0 ∈ Z+, but such a translation or interpretation is not
so obvious in the time-nonhomogeneous situation and could be prone to mistakes. So we go back
to the original PDE and derive the solution, and see how our previous result (i.e., for u = 0 and
j = I0) will come out of this general case.

Consider an infinitesimal interval (t− dt, t]. Then we need to consider the following events that
might occur for I(t) to take on state k at t:
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i The system was in state k− 1 and an immigrant arrives (i.e., “an infected person enters from
outside” in our context) in the interval (t − dt, t]. Such situation happens with probability
Pj,k−1(t− dt)ν(t)dt.10

ii The system was in state k − 1 at time t − dt, and one birth takes place in the interval
(t−dt, t]. Since each of the k−1 individuals found in the system will give a birth (i.e., “infect
a susceptible individual” in our context) with rate λ(t), this situation occurs with probability
Pj,k−1(t− dt)(k − 1)λ(t)dt.

iii A death occurs (i.e., “an infected person, recovers, gets removed or dies, hence stop being
infectious” in our context), moving the system from state k + 1 to state k at time t. This
situation occurs with probability Pj,k+1(t− dt)(k + 1)µ(t)dt.

iv The system was in state k at t− dt and no events occur in the interval (t− dt, dt]. This has
probability Pj,k(t− dt) [1− (ν(t) + (k − 1)λ(t) + (k + 1)µ(t)) dt].

v Multiple events occur with probability of order o(dt2).

Noting that these events are mutually exclusive, we have the following equation:

Pj,k(u, t) = Pj,k−1(u, t− dt) [ν(t) + (k − 1)λ(t)] dt+ Pj,k+1(u, t− dt)(k + 1)µ(t)dt

+ Pj,k(u, t− dt) [1− (ν(t) + kλ(t) + kµ(t)) dt] + o(dt2), u ≤ t (76)

from which we obtain the following differential-difference equation, a.k.a. Kolmogorov’s forward
equation:

dPj,0(u, t)

dt
= µ(t)Pj,1(u, t)− ν(t)Pj,0(u, t), j ≥ 0, u ≤ t (77)

dPj,k(u, t)

dt
= [ν(t) + (k − 1)λ(t)]Pj,k−1(u, t) + (k + 1)µ(t)Pj,k+1(u, t)

− [ν(t) + kλ(t) + kµ(t)]Pj,k(u, t), k ≥ 1, j ≥ 0, u ≤ t (78)

Then by defining the following PGF of the transition probability

Gj(z, u, t) , E[zI(t)|I(u) = j] =
∞∑
k=0

Pj,k(u, t)z
k, u ≤ t (79)

we can transform the countably infinitely many differential equations (77), (78) into one partial
differential equation (PDE) for a given j ∈ Z+:

∂Gj(z, u, t)

∂t
= (z − 1)

[
λ(t)z − µ(t))

∂Gj(z, u, t)

∂z
= ν(t)Gj(z, u, t)

]
, (80)

with the boundary condition

Gj(z, u, u) = zj . (81)

10You may want to write ν(t− dt) instead, but this does not make any difference in the limit dt→ 0, assuming the
function ν(t) is continuous at every t.
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Then from the corresponding auxiliary differential equations

dt =
dz

(λ(t)z − µ(t))(z − 1)
=

dGj(z, u, t)

ν(t)(z − 1)Gj(z, u, t)
, (82)

we obtain

dz

dt
= (z − 1)(µ(t)− λ(t)z), u ≤ t. (83)

By changing the variable z to x

x =
1

z − 1
, i.e., z = 1 +

1

x
, (84)

we obtain

dx

dt
= a(t)x+ λ(t), where a(t) = λ(t)− µ(t), u ≤ t (85)

Define a function s(τ, t) by

s(τ, t) ,
∫ t

τ
a(v) dv =

∫ t

τ
(λ(v)− µ(v)) dv = s(t)− s(u), (86)

where s(t) is defined in (56). We multiply (85) by e−s(u,t), obtaining

d(xe−s(u,t))

dt
= λ(t)e−s(u,t). (87)

By integrating the above w.r.t. t from u to t, we obtain the first solution

e−s(u,t)

z − 1
− L(u, t) = C1, u ≤ t, (88)

where

L(u, t) ,
∫ t

u
λ(τ)e−s(τ) dτ = L(t)− L(u). (89)

The second solution can be obtained from the first and last terms of the auxiliary equations

dGj(z, u, t)

ν(t)Gj(z, u, t)(z − 1)
= dt, u ≤ t (90)

which leads, by following the steps (3)-(6) in [1],to

C2 = Gj(z, u, t) exp

(
−
∫ t

u

ν(τ)e−s(u,τ)

C1 + L(u, τ)
dτ

)
(91)

On writing the functional relation between the integration constants C1 and C2 as

C2 = f(C1) (92)

Copyright ©Hisashi Kobayashi 2021 17



and setting t = u in (88) and (91), and using the boundary condition (81), we find

f(y) =

(
1 +

1

y

)j
. (93)

Then from (88), (91), (92) and (93), we obtain, after some algebraic manipulations,

Gj(z, u, t) = exp

(∫ t

u

ν(τ)es(u,t)−s(u,τ)(z − 1)

1− es(u,t)(L(u, t)− L(u, τ))(z − 1)
dτ

)
·

(
1 +

es(u,t)(z − 1)

1− es(u,t)L(u, t)(z − 1)

)j
(94)

The first term of the above product form corresponds to the PGF contributed by immigrants who
arrive after time u and their descendants living at time t, whereas the second PGF component is
due to the BD process which has started with the population size j at time u. If we set u = 0 and
j = I0, these PGFs reduce to (11)-(12) of [1].

Thus, we can write the above for any t ≥ u ≥ 0 and for any j = I(u) ≥ 0

Gj(z, u, t) = GBDI:I(u)=0(z, t) ·GBD:I(u)=j(z, t) (95)

where

GBDI:I(u)=0(z, u, t) , exp

(∫ t

u

ν(τ)es(u,t)−s(u,τ)(z − 1)

1− es(u,t)(L(u, t)− L(u, τ))(z − 1)
dτ

)
(96)

and

GBD:I(u)=j(z, u, t) ,

(
1 +

es(u,t)(z − 1)

1− es(u,t)L(u, t)(z − 1)

)j
. (97)

The last two expressions are generalized versions of (58) and (55) in Section 2.
We define

α(u, t) ,
M(u, t)

1 +M(u, t)
, (98)

β(u, t) ,
L(u, t)

1 +M(u, t)
, (99)

where M(u, t) is defined, similar to L(u, t) of (89), by

M(u, t) ,
∫ t

u
λ(τ)e−s(τ) dτ = M(t)−M(u). (100)

Then we can write

GBD:I(u)=j(z, u, t) =

(
α(u, t) + (1− α(u, t)− β(u, t))z

1− β(u, t)z

)j
, u ≤ t. (101)
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Similarly, we can write

GBDI:I(u)=0(z, u, t) =
GC(z, u, t)(

1− es(u,t)L(u, t)(z − 1)
)r(u)

= GC(z, u, t)

(
1− β(u, t)

1− β(u, t)z

)r(u)
, u ≤ t, (102)

where

r(u) =
ν(u)

λ(u)
, (103)

and

GC(z, u, t) , exp

(
−
∫ t

u
r′(τ) log

{
1− es(u,t)(L(u, t)− L(u, τ))(z − 1)

}
dτ

)
, u ≤ t. (104)

4 Modeling and Analysis of Multiple Types of Epidemics:

We have remarked a few times earlier (see [5], Section 5, item (iv); [1], Section 4, item 7) that we
can extend our stochastic model to circumstances in which we are confronted with multiple types
of infectious disease. It will be of significant interest and importance that we demonstrate the use
of our model to multiple types of epidemics in today’s climate that we are increasingly concerned
with imminent danger of such variants as the Covid “delta” and “delta-plus” variants, which seem
much more infectious than the original Covid-19 and may make the current vaccines less effective
in protecting us from the threat of infection.

Let us assume that there are T variants or types of infectious diseases, which we label as “type-

τ ,” τ = 1, 2, . . . , T . Let I
(τ)
0 denote the current number of infected persons of variant type-τ at

time t = 0, and the model parameters are given by λ(τ), µ(τ) and ν(τ). Then, the total number of
infections at time t ≥ 0 is given by

ITotal(t) =
T∑
τ=1

I(τ)(t), (105)

where

I(τ)(t) = I
(τ)
BDI:0(t) + I

(τ)

BD:I
(τ)
0

(t), τ = 1, 2, . . . , T (106)

Example 1: Two types of corona-virus
As an illustrative example, we give a simple case of two types. Type-1 has the infection rate

λ(1) = 0.13, and the mean infection period 1/µ(1) = 10 [days], i.e., µ(1) = 0.1. The basic repro-

duction number is R
(1)
0 = λ(1)

µ = 1.3, which is rather small. I(t) grows about 23% per week,

because a = 0.13− 0.10 = 0.03 [day−1], gives the growth factor of ea·7 = e0.21 = 1.23.
Type-2 has the parameters as our running example in the series of our reports, i.e., λ(2) = 0.3,

and µ(2) = 0.1, which is the same as Type-1. The R0 number of Type-2 is R
(2)
0 = 0.3

0.1 = 3.0, which is
much larger than Type-1, but seems conservative compared with R0 ≈ 5 ∼ 8 recently reported for
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δ-type variant (see e.g., BBC News 11, or a CDC announcement 12). The growth rate is determined
by the exponential growth parameter a, not by R0. Recall

a = λ− µ = (R0 − 1)µ

With the above assumptions on the model parameters, the infectious population will grow propor-
tionately to e0.2·7 = e1.4 = 4.055, i.e., more than quadruple in a week.

By assuming the initial values of I
(1)
0 = 500 and I

(2)
0 = 50, Figure 12 shows the expected

number of growth of the infected I
(1)

(t) (blue), I
(2)

(t) (red) and their sum (in black). Because
of its much faster exponential growth Type-2 catches up before the 14th day, although its initial
infected population is one tenth (50 versus 500). Figure 13 is the semi-log scale plot of Figure 12.

Figure 12: I
(τ)

(t), τ = 1, 2 and the sum
Isum(t) for the first 20 days.
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Figure 13: Semi-log plots of Figure 12.

Figure 14 the same exponential growth of both types, but would give much different impressions
as Figure 12, with the only difference being the horizontal axis get only doubled, i.e. from 20 days
to 40 days! Figure 15 is the corresponding semi-log scale plot. Type-2 infections will grow on
average to ≈ 1.50 · 105 in 40 days, i.e., 50 · e0.2·40 = 50 · 2.98 · 103 = 1.49 · 105.

Figures 16-19 are simulation results conducted under the same set of the model parameters. We
use the same scales as in the deterministic curves shown above. We make the following observations:

1. Recall that each type of I(t) is a BDI process with the initial value I0, and can be represented
as sum of two independent component processes, as shown in (13). Hence each sample path
of both blue and red could be decomposed into two sub-sample paths, if we wish.

2. The red sample paths exhibit much larger variances than the blue ones in all the figures. The
reasons are as follows. The first sub-process of the RHS in (13) is a BDI process with its
initial value zero. It is an NBD (negative binomial distributed) process, with its coefficient of

11https://www.bbc.com/news/health-57431420
12https://www.sfchronicle.com/health/article/CDC-says-the-delta-variant-is-as-contagious-as-16356370.

php
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Figure 14: I
(τ)

(t), τ = 1, 2 and the sum
Isum(t) for 40 days.
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Figure 15: Semi-log plots of Figure 14.

variation being ≈
√
λν =

√
r−1, where r , ν

λ (see [2], (74)13). This coefficient of variation of
the BDI:0 component is computed as 1.22 for Type-2, whereas it is 0.81 for Type-1. As seen
from (16) and (19), the second sub-process in the RHS of (13) dominates if I0 � r

(
= ν

λ

)
,

which is certainly the case for both Type-1 and Type-2. The coefficient of variation of the

BD process is given from (19) and (20) as cBDI:0(t) ≈
√

(λ+µ)
aI0

. This number for Type-2 is

0.161, which is larger than 0.124 for Type-1.

3. As a result, the ratio of the largest to the small among the ten red simulation runs is as large
as ≈ 2.7 at any t ' 20 [days].

4. Note that in Figure 18 for t ' 25 each red and green curve nearly overlap because the blue
curves take negligibly smaller than red, and look like yellow.

13For at ' 7, we see from (16) and (17) that IBDI:0(t) ≈ νeat

a
and σBDI:0(t) ≈

√
λνeat

a
. Thus, the ratio converges

to ≈
√
r−1 for t ' 7/a.
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Figure 16: 10 simulation runs. Type-1 in blue,
type-2 in red and their sum in green. First 20
days.

Figure 17: Semi-log plots of Figure 16.

Figure 18: The same 10 simulation runs,
shown for 40 days. Figure 19: Semi-log plots of Figure 14.
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5 Concluding Remarks

1. Converting the PGF obtained above to the conditional PMFs Pjk(u, t) requires the same
computational procedure as we discussed in the previous report: see [5], (76), (79)). When
j � 1, which corresponds to I0 in [1, 5], the computations to find exact PMFs Pn(t) will be
prohibitive.

But the conditional expectation and variance can be obtained from the above PGF. For large
j = I(u) and/or sufficiently large t, we know that due to the central limit theorem this
conditional PMFs should converge in distribution to the normal distribution with the above
conditional mean and variance.

2. We are currently pursuing to obtain an approximate probability density function (PDF) fX(x)
of a continuous random variable (RV) X, which approximates the PMF of the integer-valued
RV I(t), by using the saddle-point integration method, and will report it shortly [8]. We will
then have a better understanding how large the initial value j and/or t− u must be in order
to approximate the distribution by a normal distribution.
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A Derivation of the variance (39)

By referring to PGF (38), let us define functions A(u) and B(u)

A(u) = ν(u)es(t)−s(u), (A.1)

B(u) = es(t)((L(t)− L(u)). (A.2)

Then we can write

GBDI:0(z, t) = exp

(∫ t

0

A(u)(z − 1)

1−B(u)(z − 1)
du

)
. (A.3)

On taking the logarithm and differentiating it w.r.t. z, we have

G′BDI:0(z, t)

GBDI:0(z, t)
=

∫ t

0

A(u)

1−B(u)(z − 1)
+

A(u)B(u)(z − 1)

(1−B(u)(z − 1))2
du. (A.4)

By setting z = 1, and noting GBDI:0(1, t) = 1, we find

G′BDI:0(1, t) =

∫ t

0
A(u) du = N(t)es(t), (A.5)

which is the second term of (34), as expected.
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By differentiating (A.4) again, and setting z = 1, we have

G′′BDI:0(z, t)

GBDI:0(z, t)
−
(
G′BDI:0(z, t)

GBDI:0(z, t)

)2
∣∣∣∣∣
z=1

= 2

∫ t

0
A(u)B(u) du

= 2e2s(t){L(t)

∫ t

0
ν(u)e−s(u) du−

∫ t

0
ν(u)L(u)e−s(u) du}

(A.6)

Since the LHS is E[I(t)(I(t)− 1)]− (E[I(t)])2, we find

s2I(t) = 2e2s(t)
[
L(t)N(t)−

∫ t

0
ν(u)L(u)e−s(u) du

]
+N(t)es(t), (A.7)

which is (39).
For the time-homogeneous case, we have

L(t) =
λ

a
(1− e−at), (A.8)

N(t) =
ν

a
(1− e−at). (A.9)

and (39) reduces to

s2I(t) = 2e2at
[
λν

a2
(1− e−at)2 − ν

∫ t

0

λ

a
(1− e−au)e−au du

]
+
ν

a
(eat − 1)

=
2λν

a2
[
(eat − 1)2 − (eat − 1)eat + 1

2(e2at − 1)
]

+
ν

a
(eat − 1)

=
λν

a2
(eat − 1)2 +

ν

a
(eat − 1) =

ν(λeat − µ)(eat − 1)

a2
, (A.10)

which is (17).
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