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20 Hidden Markov Models and
Applications

20.1 Introduction

In some applications of a Markov chain model, we may not be able to
directly observe a sequence of states, or may not even know the
structure of the Markov model and the model parameters.

The observable variable may be a probabilistic function of the underlying
Markov state. Such a model is called a hidden Markov model (HMM).

In this chapter we study how to estimate states (or a sequence of states) and

HMM parameters such as state transition probabilities based on observable
data.



20.2 Formulation of a Hidden Markov Model

20.2.1 Discrete-Time Markov Chain and Hidden Markov Model

Consider a homogeneous (i.e., time-invariant) DTMC {.S;}. where the number of states M
We label the states by integers {0,1,..., M — 1}

S={0,1,...,M —1}. (20.1)

The subscript t of S; 1s the discrete-time 1ndex

te{0,1,2,.... T}2T. (20.2)

Let the initial state distribution be denoted by

™ = (?T[}(O): I-T.[l(l)_ e ?T{](i"l'f — 1)} = (ﬂ'ﬂ(’i);i = 3), (20.3)
where (i) = P[Sp =i], i €. (20.4)
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In a Markov chain

P[S; = 5¢|5;_1 = 541,52 = 5¢_2,...] = P[S; = 5|S;_1 = s¢_1], (20.5)

or more compactly,

p(s¢|se—1,8¢-2,...) = p(s

Thus. the (one-step) state transition probabilities® {a(i, j)}
A = la(i,j); i,7 €8], (20.7)
where a(i,j) = P[S; =j|S;.1 =1i], i,7€S. (20.8)

Clearly ) . _sa(i,j) =1, hence A-1 =1.

In the figure of next slide, we show the state transition diagram of time-homogenous
Markov chain, and its trellis diagram.
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Figure 20.1 (a) The state transition diagram of a 3-state Markov chain & = {0, 1, 2}, and (b) its trellis
diagram.

We denote the state sequence in the period T defined in (20.2)
S2(S,:teT)eS7, and s&(s;: teT),
where |T| =T + 1, the size of set 7.

For every instance of the state sequence s, there 1s a unigue parh in the trellis diagram.
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Hidden Markov Model

Let us assume that the Markov chain S; 1s not observable,

There is a random process Y;, which is a probabilistic function of S; and is observable.

Y, € Y ,where
y={012,....K —1}. (20.9)
We denote the observed sequence variable over the period 7 and its instance by
Y2(Y;:;teT), and y 2 (y; t € T). (20.10)
It Y; is a probabilistic function of only S;_; and S;. then a pair process
Xi=(5.Y:). teT (20.11)
is also a Markov process. since it depends on the past only through X; ; = (S;_1.Y;_1).

Y: by itself 1s generally not a Markov process
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Definition 20.1 (Hidden Markov Model). A Markov process X; = (S;,Y3:) is called a partially
observable Markov process or hidden Markov model (HMM), if its state transition probability does

not depend on Y;_4, i.e.,

plai|xe_1) = p(xe|si—1), (20.12)

le.,
(S, YelSe 1. ve1) = D(Se, Ye|Se1), (20.13)

Any state Sy € S is called a hidden state and the process S = (Sy; t € T) is a hidden process;
and y = (yy; t € T) is called an observation. []
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Definition 20.2 (Model parameters of a HMM). For a homogeneous HMM, we denote
P[Sy=i,Yy=k] = ag(i,k), i€ S, ke, (20.14)
P[S; = 3,Y: = k|Si1 = 1] = c(isg, k), i,j€8, ke, fort=1,2,....T. (20.15)

Denote the sets of initial distribution vectors a(k)’s and the state transition probability matrices
C(k)’s by ag and C, respectively:

ap = (ap(k); ke )), (20.16)
where ag(k) = (ag(ik); i €S), k€, (20.17)
C=(C(k)kec)), (20.18)
where C(k) = [c(i;7,k); i,5 €8], ke ). (20.19)

We then define the model parameters 0 associated with the HMM by the set

0 = (ap,C). (20.20)

[

Note that Z ap(k) = mo. (20.21)
key

> Ck)= A (20.22)
key
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Now we can rewrite P(St, U¢|s¢—1) of (20.13) as

(st ye|se—1) = p(se|se—1)p(ye|se—1, st). (20.23)

Then we define a special type of HMM

Definition 20.3 (State-based HMM versus transition-based HMM). A homogeneous HMM is
said to be state-based, if a special condition

p(yt|st-1,5¢) = p(ye|se) (20.24)
holds. A state-based HMM is defined by
0= (mp. A, B), (20.23)

where o and A are defined in (20.3) and (20.7), respectively, and B is an M x K matrix given by

B=[b(j:k); €8, ke, (20.26)

where
where b(j; k) = P[Y; = k|S: = j]. (20.27)
If the special condition (20.24) does not hold, the HMM is said to be transition-based. ]
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Note that state-based HMMs form a subclass of transition-based HMMs

Most existing literature on HMMs, however, deal with only state-based HMMs.

But, there is an advantage in working with a transition-based HMM

Thus,we assume a general transition-based HMM, unless stated otherwise.

The case where the observable Y ; is a continuous random variable.

We should replace c(i; 7, k) of the transition-based HMM by
Ps,.vils, 1 (G yli)dy = P[S; = j,y <Y, <y +dy|S;_ = 1]. (20.31)
Similarly. b(j; k) should be replaced by fy, s, (y|7)dy:

fris. (yl7)dy = Ply < Y: <y +dy|S: = j]. (20.32)

The restrictive condition (20.24) for the state-based model 1s

Ps, .|, (G yli) = a(i, 5) fy,s, (y]5)- (20.33)
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20.2.2 Examples of Hidden Markov Model

Example 20.1: Convolutional encoder and binary symmetric channel

A
Message . Encoded

sequerice O—« _ sequence
I 3

0O %
\Lr:_lﬁ/
|

Figure 20.2 A rate 1/2 convolutional encoder with input I, and output O,

O, =0Mo? >0, (20.34)
where OEU =i & li_1 &2, and Oiz) =1; &I o, (20.35)
[ o=1,=1I,=0. (20.36)

060=001=1,1¢0=1and1 &1 =0.
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A natural choice of the state for this encoder would be

S =L 11 2. t= 0,1,2,....

We define, instead, state S; as
Si=0L1; 1, t=0,1,2,.... (20.37)

Then, the state space 1s
S =1{00,01,10,11} = {0,1,2, 3}.

If we assume that {I;} is an i.i.d. sequence, then the state sequence {S;} is a simple Markov chain
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(a) (b)

Figure 20.3 (a) The state transition diagram of the rate 1/2 convolutional encoder.
(b) The trellis diagram (all transitions have probability 1/2).
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[f 0 and 1 appear in I; with equal probability, i.e., P[I; = 0] = P[[; =1] =1/2 for all ¢

the state transition matrix associated with the convolutional encoder is

"1/2 0 1/2 0]
1/2 0 1/2 0
0 1/2 0 1/2

| 0 1/2 0 1/2]

(20.38)

Discrete Memoryless Channel:
Y, = 0: & E;, (20.39)

We assume that the channel output Y, has the same alphabet as the channel
input (the encoder output) O, , i.e.,

Y =0 = {00,01,10, 11}.

where F; 1s called an error pattern, meaning a 1”7 in E; will result in an error
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We assume that errors at different times occur independently of each other.

p(yolog) H p(yelot) (20.40)
Such a channel 1s referred to as a if.h's"('.'.l"(?.rf' memoryless channel

Since the channel input Oy is a function of the encoder states S;_; and S; only
the memoryless property implies that Y; depends probabilistically only on S;_; and S;.

X; = (54, Y;) depends only on S;_;. hence it is a hidden Markov process.

A discrete memory channel is called a binary symmetric channel (BSC) if

p(1]0)=p(0]1)=¢

Thus, the model parameter of this HMM is given by 8 = C = (A, €).
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20.3 Evaluation of a Hidden Markov Model
The following four basic problem arise when we apply an HMM to characterize
a system of our interest.

. The model likelihood evaluation (Section 20.3),
2. The state sequence estimation (Section 20.4),

3. The state estimation (Section 20.5). and

4. The model parameter estimation (Section 20.6).

20.3.1 Evaluation of Likelihood Function
Evaluation of the likelihood of a certain HMM:
Given a hidden Markov model with the model parameter @ and an observation
T
y=1yy = (Y0, ¥1,---, Y1),
what is the likelihood p(y; @) that this y will occur in this HMM with this parameter 6 ?

We call p(y; @) the likelihood function of 8 for given vy, and denote it by L., (8):

L,(0) = p(y:0). (20.47)
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We can write

Ly(8)= > p(s,4;0), (20.48)

scSITI
where

STT—SxSx-.-x8

Using the Markov property of X; = (.S;.Y;) and the definition of HMM

T
p(s,4:60) = ao(so, vo) | [ else13s0, ), (20.49)
t=1
where ao(i, k) = P[So =i, Yo = k],

c(i;j, k) = P[S; =3,Y; =k|S;_1=1], t =1

Thus, the likelihood function for the rransition-based output model can be expressed as

— Z Z Z ao(s0,Y0)c(s0:81,91) - e(ST_1; ST, UT)- (20.50)

SDES SIES Sf;-ES
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Evaluation of Ly, (0) would require computations on the order of O(TMT).
A more efficient computation method can be achieved by converting the above sum of products

nto a product of sums,
20.3.2 Forward Recursion Algorithm
By defining
ao(yo)' = [ao(i,m0); i €8], Cly) = e(isjoy); i, €8], ve€V, t=1,2,....T, (20.51)

we obtain

T
Ly(8) = ao(yo)" (H C(yt)) 1, (20.52)
t=1
or -
Ly(0) = {[(ao(yo) C(11))C(y2)] - - - C(yr)}1, (20.53)

which suggests a computationally efficient procedure, called the forward recursion
algorithm or forward algorithm for calculating L, (8) of (20.50).
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An alternative derivation of (20.52) can be made by defining the forward variable,

ar(4,46) = P[S: = 3. Y = y5: 0], (20.54)

which can be written as

(i, yh) =Y PlSi1=i.5 =3Y5" =yi ",V =i 6]
=S
=) PISi 1 =0,Y5 =yg 6]P[S; =5,V = w|Si1 =4,V 1 =y 1, 0]
eS8
— ZP[Si—l — E.'-.YE_I — yltj_lgp[gt — j'.' };t — yt|st—l — 19]

=t

=) (i yh elisd,w), J€S. (20.55)

=t

The 2" line follows, since X, = (Y;, S;) is a Markov chain, and depends only on X, ; .
The 3" line follows, because the HMM X, should depends onlyon g,
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Define the forward vector variable as a row vector:

a(yh) = (alizyl);ieS), t=1,2,....T. (20.56)

Then (20.55) can be written as

a(yh) =y ) ' Cy), t=1,2,...,T. (20.57)

with the initial vector a (1)

Thus, L, (8) can be evaluated, after T" steps of the forward recursion, as

Ly(60) = ar(y§) 1= ar(i,uf). (20.58)

(=t

The computational complexity is merely 7772 in contrast to O(TMT) of the
direct enumeration method based on (20.50).
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Algorithm 20.1 Forward Algorithm for L, (8)
1: Compute the forward variables recursively:

oy = (ao(i,y); i €S),
a, =a, Cy), t=1,2,...,T.
2: Compute

Ly(0) = arl.

Here, we drop y( from the arguments of the forward variable, and simply write them as ay(7)’s.
because from the algorithmic point of view, the variablesa’s can be stored in a two dimensional

array of M x (T +1).

The values a4 (j)’s depend on the specific observation sequence y§ = (yo, y1,...,ut).
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20.3.3 Backward Algorithm and Forward-Backward Algorithm

Consider the time-reversed version of the above procedure by rearranging (20.52) as

Ly(0) = alyo)’” {C(11)[C(y2)---C(yr)1)]}. (20.59)
We define the backward variable by

Bi(i;yl ) = pyl S, =i:8), ieS, t=T—-1,T-2,...,0. 20.60)
t+1 t+1

Define the backward vector variable as a column vector

Byiay) = Bilisyiey); i€S)', t=T—-1,T—2,....0 (20.61)

Then we obtain the backward recursion formula:

.*3f(y3:|-1) = C(ywl).ﬁtﬂ(yﬂg): t=T-1,T-2,...,0 (20.62)
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The boundary condition (i.e., the initial condition in the backward recursion) is

Br(M=1=(1,1,...,1)". (20.63)

Problem 20.11 solution:

Backward algorithm. As we dropped the arguments v, from the forward variables, we delete
the argument y ; in 3, (3):

Algorithm 20.1 Backward Algorithm for L(8)
1: Compute the backward variables recursively:

Br(j)=1, jeS§,
'3f (I} — Z C{E’*J '.¥!+1}.3!+1{:j]-. NS S'- t="T— I-T - E: “nuy I-{]
jES
2. Compute

L(@) = Z c(D:4, yo) Bo(7).

ies
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By combining the forward and backward variables, we find

o (i, yh)Bi(isyiyq) = P[S; =i.Y =y:0], ieS, teT. (20.64)

Then we find an alternative expression to evaluate L,,(8):

L,(0) = o (yh) By(yisy), for any t € T. (20.65)

The computational algorithm based on this recursion is called the forward-
backward algorithm (FBA). (Problem 20.13)

The choice of ¢ = T in the last expression reduces to the forward algorithm (20.58)
whereas ¢t = 0 gives

Ly(8) = ao(w0) " Bo(wT) = > eoli,v0)Boli; u7). (20.66)

LES
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Problem 20.13 Solution:

20.13 Forward-backward algorithm See Algorithm 20.2. Note that evaluation of the likelihood
function L(#) can be done for any choice of t. Fort =T, L(6) = > ,_s ar(i), and this reduces
to Algorithm 20.1 of the text, and no backward variables are required. For ¢ = 0, we have L(8) =
> ics @ol#)Bo(2). hence the algorithm reduces to the backward algorithm obtained in Solution

20.5.

Algorithm 20.2 Forward-Backward Algorithm for L(#)

1: As we collect observations 1, compute the forward variables recursively:
ag(i) = mp(2)b(i;y0), 1 €S,
at(jjl — Z ﬂ-i—l{"ijc{i:j! yt}-. j € S? t = ]-r E? R T.
ies

2. After all observations y have been collected, compute the backward variables recursively:
-BTU} =1, je S,
Be(i) =) elis fyu41)Bisa(d), i€S, t=T—1,T—2,...,1,0.
JES
3: Compute

L(8) =) ou(i)i(i), forany t=0,1,....T.
ies
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20.4 Estimation Algorithms for State Sequence

Now consider a case where we wish to estimate the hidden state sequence s(= sl’). based on
he observation sequence y(= yj
the observation sequence y(= yj ).

20.4.1 Forward Algorithm for MAP State Sequence Estimation

The MAP state sequence estimate s* is defined by

-
§" = arg max w(s|y),
F=)

(20.67)
hi : e 1 O . .7 . _ p(s,y] ac
which can be rewritten, using Bayes” formula 7(s|y) = Gy as
8" = argmaxp(s.y). (20.68)
We introduce the following auxiliary variables:
a7, ytﬂ) = max P[Stﬂ_l = stﬂ_l, Sy = 7, YE — ytﬂ], (20.69)
8o
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The variable v (j, yf,) is similar to the forward variable ay(j, yf) of (20.54),

(3, yp) = P[S: =5, Y =ybl =Y PISG  =s41,5 =5,V = ypl. (20.70)

t—1
8p

> in (20.70) 1s replaced by max in (20.69).

Then analogous to the recursion formula (20.57) for the variable o (7, y§). we obtain

61 (4, yo) = max {Gu—1 (i, yo )e(i;d,m)}, 5 €S, 1<t <T, (20.71)
ap(i, yo) = ao(i,yo0) = P[So =i.Yo =yo|, i € S. (20.72)

We can show that the recursion formula leads to the MAP estimation sequence 3* of (20.68).
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First we consider the case where we know the initial state sqg € S.

Then, given an observation up to time ¢ — 1 denoted as y{ ' suppose that we have

found a most likely state sequence, We denote this most likely path on the trellis diagram as

5071 (4). and retain it as a surviving sequence
Then we proceed to find a most likely state sequence that maximizes the RHS of (20.71)

among all possible state sequences entering at state j at time ¢,  so there will

be M (= |S|) surviving sequences, one per each state j € S.
Then there will be M surviving sequences when we reach t = T.

The sequence that has the largest auxiliary variable &, (7, y2 ) is the MAP sequence
estimate 8

As observed above, there are exactly M (= |S|) survivors at any time ¢,
but these M survivors may share a unique state subsequence up to time (< t).
Then we know for sure that this sequence must be a part of the MAP sequence
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The logarithmic conversion of probabilities:

By applying the logarithmic transformation to (20.71) and (20.72),

a4, yh) = max {@ (i, yh ') +d(isju)}, €S, 1<t <T, (20.73)
where
ar (7, yh) = log a: (4, v). (20.74)
d(?’.}: yi‘) = ].Dg{:('l:j yf) - ]GgP[Si‘ — .:’. Yf — yi‘l‘gf—l — ?’]'| [2{}?5:’

with the initial value

co(7, yo) = log(ao(,50)) = d(0;i,y0), i €S. (20.76)
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