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Theorem 11.2 (Stochastic convergence vs. convergence in distribution). Convergence in proba-
bility implies convergence in distribution, i.e.,

X, 5 X = X, 3 X (11.10)
But the converse is not true.
Proof:
Fx (1) =P X, <o, X<u+4+€e+PX,<uz,X>uw+¢€. (11.11)
Fx(er+e)=PX <ur+4+eX,<z]+PX<z+e X, > (11.12)
Fx (r)—Fx(r+e) =P X, <z, X >r+e -PX<z+eX, >z (11.13)
The joint event {X,, <z} N{X > & + ¢} implies | X,, — X| > e.
Op = 1 Xn — X| > €. (11.14)
Thus,
Fx (r) < Fx(x+¢€)+0p. (11.15)
Similarly,
Fx(t—e)=PX <zr—eX,<z|4+PX<x—eX, >
< P[X, < 2]+ P X0 — X| > €] (11.16)
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Thus,
Fx(r—e€)—0, < Fx, ()< Fx(r+e€)+n. (11.17)

From the definition of stochastic convergence, it is apparent that

Op — 0asn — oo

Fx(x—e€) < lim Fx_(x) < Fx(x + ¢€) forevery e > 0. (11.18)
n—00
Thus,
lim Fx, (z) = Fx(z)

n—00
at all points where F,(x) is continuous. Thus, X, converges to X in distribution.
11.2.3 Almost Sure Convergence

Definition 11.9 (Convergence almost surely). We say that {X,,} converges almost surely (or
almost everywhere, or with probability one) to X, written

- a.8. +r -  a.e. - - w.p.l. .-
JXH _} JX? JXn % JX- C)]_‘ JXH H’ JX.

if the sequence of numbers { X, (w)} converges to X (w) for all sample points w € Q with probabil-
ity one, that is, if

P[lim X, = X]|=1. (11.24)
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Lemma 11.1 (Conditions for a.s. convergence). X,, =3 X, if and only if. for arbitrary ¢ > 0 and
0 > 0, there exists a number M (e, 0) such that

P m{w

=m

Xn(w)—X(w)|<e}p| >21-=9 (11.25)

forall m > M (€,0).

Proof. The proof is somewhat long and involved, so in the interest of space, it will be provided

in the supplement material that will be made available in “Supplementary Materials™ at the book’s

website. ]
| X, (0)— X (o) | X, (o) - X (o)

A A

If n = Nfe.S)then|X —X <& | X, —X|ce.vnzM(eS)
with probability =1- & with probability =1- &

(a) (b)

Figure 11.2 Comparison of two types of convergence: (a) convergence in probability; (b) almost sure
1 convergence. 4



Theorem 11.3 (Almost sure convergence and convergence in probability).

gence implies convergence in probability, i.e.,

-  a.8. - - P -
X, =X = X, - X.

Proof: Define

o0

B(e) 2 ﬂ {w:[Xn(w) = X(w)] < e} =[] Anle).

n=1m
— {w:

Xp(w) = X(w)| <€},
Then the criterion (11.25) can be restated as
P [Bpn(e)] > 1—0.
Thus, X 2% x  ifand onlyif
lim P|Bp(e)] =1 forany e > 0.

Since A4,,(e) O B,(e) we have
lim P[A,,(e)] =1, forany e > 0

M —20

where

Hence,

. P
X, — X.
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(11.27)

(11.26)

(11.6)

(11.28)

(11.29)



Example 11.7: P. convergence does not imply a.s. convergence

Let us define an independent sequence
v _ I, with probability %
" 10, with probability 1 — %

. P : .
Clearly X,, — (. Butthis does not imply a.s. convergence , as shown below.

Since the X, are independent,

P[Bpn(e)] = P An(e H PlAn(e
Since X, is a 1-0 variable, o
€) ={w: | Xp(w) —0| <€} ={w: Xp(w)=0}.
Pl () =1—+="=1
Clearly ! "
lim P[A,(e)] =1
n—od
But

lim P[Bp(e)] =0

mM—oC
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because m—1 m m+1

m m+1m-+2 o
, m—1 m m-+1 M
= lim e
M=ooc m m-a+1m-+2 M +1
m—1
0.

P[Bm(ﬁ): —

YA v

Thus, the condition (11.29) cannot be met, hence X, doe not converge a.s.

** Note the following expressions:

P[ lim

n—x

Xp—X

< €| =1 forany € > 0 (almost sure convergence),

lim P[|X,, — X| < €] =1 forany ¢ > (0 (convergence in probability).
n—od
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11.2.4 Convergence in the rth Mean

Definition 11.10 (Convergence in the »th mean). We say that X,, converges to X in the rth mean

(or in the mean of order ) (r > 1), written

r
X, = X, or X,, = X (mean ),

if E[|X,]"] < o0, E

X|"] < o0 and

lim F|

—00

X, —X|"]=0.

(11.30)

When = 1, { X}, } is said to converge in the mean to X. When r = 2, { X, } is said to converge in

mean square or converge in the mean Square sense.

Mean square convergence is often written as

m.s. -
Xnp = X, or LimagseeXy = X,
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Theorem 11.4 (Markov’s theorem).  Given a sequence of RVs { Xy}, denote its nth arithmetic
average by

- X1 +Xeo+--+ Xy
X, = .

T

. . ~r . . 7 .
If the expectation of X , converges to a constant i, and its variance converges to zero-, i.e.,

fin = E[Xp] — p, and o, £ E[(X, —71,,)?] — 0, asn — oo, (11.32)

then X, converges to j1 in mean square:

lim E[(X, —p)?] = 0. (11.33)

n—oo

Proof. We write

(Xn—p)*=(Xn = T +1n =) = (Xn— 1)+ (= 11)* +2(X 0=t (i, — 1)

< 2(X T )* +2(1 — 1), (11.34)
E[(X, — 1)) < 2E[(Xy — in)?] + 2B (T — 1)%) = 252 + 200, — ). (11.39)
Using the assumptions (11.32), the desired result (11.33) follows. ]
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Theorem 11.5 (Chebyshev’s condition for m.s. convergence). [f the RVs X 's with finite vari-

ances crf:._ k=1.2,....n are uncorrelated, and if
2 2 .. 2
BT T s — oo, (11.36)
T
then
X, =L (11.37)
where
1 n
— 3 7. = him — | . 3
p= lim 7i, = lim — kZ_IE[X;C] (11.38)

Proof. For uncorrelated RVs the left side of (11.36) is equal to Ei defined by (11.32). Therefore,
Markov’s theorem yields (11.37). ]
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Theorem 11.6 (Convergence in the th mean and convergence in probability). Convergence
in the rth mean implies convergence in probability, i.e.,

X, ™ X — X, 5 X, (11.39)

Proof. We make use of Bienayme’s inequality (see Problem 10.12):

El|X, - X

e’

.

X, —X

Pl

> €] <
for arbitrary € > 0. Then if { X, } converges in the rth mean to X, it immediately follows that { X, }
converges to X in probability, since

lim P|

n—oo

Xp— X|> € =0.

The converse of the above theorem is not true, as shown in the next example.

Example 11.8: Cauchy RV does not converge in m.s.
Consider the sequence of RVs with Cauchy’s distribution discussed in Example 11.4. Then

E|

_ , 5 n [ €2
)in — 0‘ } = E[)ﬁn} = :1 m d.i-'.
7 — 0 20

This integral does not exist even for finite n. Thus, the sequence X,, does not converge to 0 in mean
square, even though it converges in probability as shown in Example 11.4. ]




Define a norm

1Y

-r:(E[

v

.r])lfr'

(11.40)

Theorem 11.7 (Lyapunov’s® inequality). The norm ||Y ||, is a non-decreasing function of r, i.e.,

v

s <

%

T

for 0 < s <,

which is known as Lyapunov’s inequality.

(11.41)

Proof. The proof is rather involved. The interested reader is suggested to follow the steps provided

in Problem 11.5.
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Theorem 11.8 (Convergence in the mean of a lower order). Convergence in the mean of order
i implies convergence in the mean of a lower order; i.e.,

X,=X = X, > X, 1<s<r (11.42)

Proof. We substitute
Y =X, - X
into Lyapunov’s inequality (11.41), and take logarithm, obtaining

log B[|Xn — X|*] _ log E[|Xn — X[']

S T

If { X, } converges in the 7th mean to X, then the right side of the above equation approaches —oo
in the limit n — oo. Thus, the left side also approaches —oo, which implies that X,, = X. [
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11.2.5

Relations between the Modes of Convergence

Q
D
conv. in ; conv. in conv. in
~> conv.in - >
r-th mean. ( ) s-th mean probab. distribut.
r=s :

almost sure conv. ——

Figure 11.3 Relationships among various modes of convergence: D: in distribution; P: in probability;
s:in sth mean (s > 1); r:in rth mean (r > s); and a.s.: almost surely.

Theorem 11.9 (Convergence in distribution to a constant).  Convergence in distribution to a
constant implies convergence in probability, i.e.,

10/9/2013

X, 2 —= X, 5 (11.43)
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Proof. Convergence in distribution means

lim Fy(x) = Fx(x),

n—00

where Fx () is in this case

Then, for any € > 0

Pl| X, —c|<e|=Plce—e<Xp,<c+e=1-0=1.

Thus, { X, } converges in probability to the constant c.

Theorem 11.10 (Lebesgue’s* Dominated Convergence Theorem). Let {Y,} be a sequence of
RVs that converges almost surely to RV'Y, and let RV Z exist such that |Y,| < Z for all n. If

E|Z] < oo, then

lim E[Y,] = E[Y]. (11.44)

n—oo

or equivalently

lim E[|Y, - Y

n—00

=0, (11.45)
O
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Then using Lebesgue’s dominated convergence theorem, we can derive the following theorem

asserting that when some bounded condition is met on
implies convergence in the mean square of order 7

X,, — X|" for all n, almost sure convergence

Theorem 11.11 (Conditions under which convergence a.s. implies convergence in ;-th mean).

Suppose that there exists a RV Z such that E[Z] < oo and

X, 8BX = X, 5 X.

Proof. LetY, = |X,, — X
dominated-convergence theorem,

lim E[|X,, — X|"] =0,

n—00

that is, { X, } converges in the 7th mean to .X.
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X, — X|" < Z for all n. Then almost
sure convergence of the sequence X,, to X implies its convergence in the rth mean, i.e.,

(11.46)

",and let Y = 0 with probability one. Then by using the above Lebesgue
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11.3 Limit Theorems

I. The weak law of large numbers (WLLN)
2. The strong law of large numbers (SLLN)
3. The central limit theorem (CLT)

11.3.1 Infinite Sequence of Events

Theorem 11.12 (Limit of an increasing sequence of events). [f A, C Ay C ---, then
50
P U Ak] — lim P[A,,]. (11.47)
b1 m—oo
P!’()Of Let Bl = 441. BQ = 442 M flf = 442 \ Bl, Bg, = 443 \ (Bl U Bg) R Bm = flm \
?:_11 Bj, ---. Then the By’s are mutually exclusive and their union is equal to | J,—,; Ag. Fur-
thermore,
m
U Be = An. (11.48)
k=1
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Hence,

Pl 4| =P |JBk| =Y _PBi]= lim Y P[B]
E—1 k1 1 m—}oc,kZI
= jim P\ U Bi| = Jim Pl

Note that a key step in (11.49) is to make use of Axiom 4 (2.29) to derive

T T
lim U By, U By
T — 00

P = lim P

m—od

Theorem 11.13 (Limit of a decreasing sequence of events). [fA; D As D --

P

M 4,;] = lim P[A,].

M—00
k=1
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., then

(11.50)
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Theorem 11.14. If A, s is either an increasing or decreasing sequence of events, then

P [lim 4n] — lim P[A,]. (11.52)

n—oo n—00

[]

Theorem 11.15 (Boole’s’ inequality or the union bound).  For arbitrary events A;. As. . . .,

o0

U

k=1

<> PlA]. (11.53)
k=1

Proof. As in the proof of Theorem 11.12, we express | ., A as the union of mutually exclusive

events By, B, ..., where By C Ay. Therefore, P[By| < P[Aj] for all k. Taking the infinite sum
o0 oo

of this inequality and using the relation P [ U A_k] P { U Bk.] Z P[By], we arrive at the

k=1
above inequality.
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