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10.1   Inequality frequently used in probability theory 
10.1.1   Cauchy-Schwarz inequality
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We define the angle  φ between the two vectors by

10.1.1.1   Alternative proofs

1.  Use the Lagrange identity  (Problem 10.1)

2.  Assume real vectors  x, y and a real scalar  c.

In order for f(c) to be nonnegative for  any c, it is necessary and sufficient that
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The above proof can be generalized to the complex-number field :

10.1.1.2  The Cauchy-Schwarz inequality in an integral form

10.1.1.3  The Cauchy-Schwarz Inequality for random variables
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For random vectors

 Correlation coefficient
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10.1.2   Jensen’s inequality 

10.1.2.1  Jensen’s Inequality for random variables
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10.1.3   Shannon’s lemma and log-sum inequality
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= Entropy of  the random variable  

= Kullback-Leibler divergence (KLD)
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10.1.4   Markov’s inequality 
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An alternative  proof:

Multiply   fX (x)  both sides of  (10.26)  and integrate over   x ϵ [0, ∞ )
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10.1.5  Chebyshev’s inequality

Remark:  Let  b = n σ
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10.2    Chernoff’s bounds

(1923-present) 
Apply Markov’s inequality to Y
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Proof:  Consider the following function

We can show (see Problems 10.20 and 10.21) that the second derivative 

is nonnegative, hence the function is convex, and so is  ln U(ξ).  Thus, the value of ξ
that minimizes U(ξ) is found by setting the first derivative of ln U(ξ) to be zero,
which leads to (10.49).
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10.2.2   Chernoff’s bound for a sum of i.i.d. random variables

Then

and

Thus, we obtain

and
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Define the “normalized” threshold:

Then
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By using the entropy function

We can compactly write 
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Note that the above inequality is meaningful  only for 0.5 ≤ β ≤ 1  (see the 
paragraph below (10.53)  on page 254  and  Problem 10.22  of p. 274)
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 Numerical examples

β = 0.8,  n= 100 and  n=1000

Note that Markov’s inequality and  Chebyshev’s inequality are both too 
loose  to be useful  (see Problem 10.11).



11.1  Preliminaries: convergence of a sequence of numbers or functions

11.1.1  Sequence of numbers
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11.1.2   Sequence of functions
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Consider

The maximum occurs at  x=1/n and its value is  n/e.
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If the sequence of functions  gn(x)  were to converge to g(x)=0, we have to 
show  that for arbitrary ϵ > 0,

For all   x ϵ [0, ∞), when n is larger than some number  .        .   The LHS of the above
Inequality is maximum at  x= 1/n , so that

We cannot find such a  number  N(ϵ)  that N(ϵ)/e  <  ϵ for arbitrary  ϵ > 0.     
Thus, the sequence of functions  gn(x)  does not converge  to g(x)=0  
uniformly. 



11.2  Types of convergence for sequence of random variables

11.2.1  Convergence in distribution
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 Note:  Fn(x) does not converge to FX(x) at the discontinuity point x=0.

Then from (3.81) through (3.84) of p. 57,

10/7/2013 25Copyright Hisashi Kobayashi 2013



11.2.2  Convergence  in probability

Then convergence in probability is equivalent to
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Xn converges in probability to zero, because
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