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10 Inequalities, Bounds and Large
Deviation Approximation

10.1 Inequality frequently used in probability theory
10.1.1 Cauchy-Schwarz inequality

Definition 10.1 (Inner product and the norm).
An inner product on a vector space V' with a field F' is a function that assigns to each ordered
pairs of vectors x,y € V a scalar (x,y) € F such that

(@) (@ +y.2) = (@.2) + (1.2),

(b) {cx,y) = c(x.y),

(c ) (y,x) = (x, ) the bar denoting complex conjugation?,
d) (

x,x) >0, ifx #0.

The positive square root of (x, x) denoted by

|| = v/ (z, z)

is called the norm of @ with respect to the inner product. []

Definition 10.2 (Orthogonality). Let @ and y be vectors in an inner product space V.. We say that
x and y are orthogonal if (x,y) = (. ]
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Theorem 10.1 (Cauchy-Schwarz Inequality). Let @ and y be arbitrary vectors in an inner-
product space V' over a field F. Then we have

{z,y)|* < |l2|®|lyll?, or equivalently |(z,y)| < ||z||ly]- (10.1)

where the equality holds if and only if @ and y are linearly dependent, i.e., x = cy for some scalar
constant ¢ € F.

Proof. Consider |@ — cyl|| > 0. This metric becomes minimum when = — cy is orthogonal to y

1e..
(x —cy,y) =0,

which gives,

&= %%iﬁgl. (10.2) ¥ ¢ty o

Then from Pythagoras’? theorem,
|z —cyll? = [z)* = llc'yl* = [|]* — | []ly]]* = 0.
By substituting ¢* of (10.2) into this, we readily find

2
||I||2 - [z, y)| > 0.

. lyll? | 3



We define the angle ¢ between the two vectors by

(@ y) (10.4)

COS @ =
(e

Thus, we say that = and y are orthogonal if the angle between them is 7 /2.

10.1.1.1 Alternative proofs

1. Use the Lagrange identity (Problem 10.1)
|zl lyll* = [z, ) > =) |y — 25w (10.5)
1< ]
2. Assume real vectors x, y and a real scalar c.

_ P - 2 C—<$?y} ’ ) :Z_(mt'y}g

In order for f(c) to be nonnegative for any ¢, it is necessary and sufficient that

2 (‘T! y>g
el = <5

> (),
y]? |
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The above proof can be generalized to the complex-number field :
2
1 ||1,||2 . (e, yHE

(zy)
175

fle) = |z —cy|* = |yl |c

|y

10.1.1.2 The Cauchy-Schwarz inequality in an integral form

(f.9) / /(2)a(@) d.
|/ Fle)g@) da|

< [t |dv:/ o(z)[? dz.

10.1.1.3 The Cauchy-Schwarz Inequality for random variables

Definition 10.3 (Inner product and orthogonality of random variables).

product of complex-valued random variables X and Y by

(X.Y) 2 E[XY].

The norm of the RV X is defined by

1X| = /X, X) = VE[X.
We say the RVs X and 'Y are orthogonal if (X,Y) = E[XY] = (.
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> 0.

(10.6)

We define the inner

(10.7)

(10.8)



For

random vectors

(X, Y)£ E[X'Y],

Then the C-S nequality can be stated for RVs

IBIXY|° < E[|X)?] E Y]]

and for random vectors

\/
0’0

10/7/2013

|EIX V[ < B [XX]E[YTY].

Correlation coefficient

|Cov[X,Y]|* < Var[X]Var[Y].

pxy| = Cov[X,Y]
’ \/ Var[X] \/ Var[Y']
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(10.11)

(10.12)
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10.1.2 Jensen’s inequality

Definition 10.4 (Convex and concave functions). A real-valued function g(x) is said to be convex,
if for any x1,x2 € R and for any p such that 0 < p <1

g(pzi + (1 —p)zz) < pg(z1) + (1 —p)g(za). (10.14)
A function g(x) is said to be concave if —g(x) is convex. ]

Theorem 10.2 (Jensen’s Inequality). For a convex function g(x) and a finite set of points
T1,To,..., T, in an open interval in which g(x) is defined, the following inequality holds with
nonnegative weights py, pa. ..., py such that Y\, p; = 1:

g (Zpimi) <) pigla). (10.15)
1 i=1
10.1.2.1 Jensen’s Inequality for random variables

g(E[X]) < Efg(X)]. (10.16)

q (lb :ﬂfx(m)dm) < lb g(x)fx (z)dx. (10.17)
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10.1.3 Shannon’s lemma and log-sum inequality

Theorem 10.3 (Shannon’s lemma).

fo log gi < Zﬁ: log fi, ie., Zfi ]Dgﬁ > 0. (10.18)
. ; . gi
i=1 i=1 i=1

where the equality holds if and only if g = f, i.e, g; = f;, forall i
Proof. Consider the following inequality

Inz <z -1, for z > 0, (10.19)

logz < (loge)(x — 1)

loge " 1, (f,— - 1) S 1ogfi]
i=1 ‘ i=1

=—) filogf; >0, (10:20)
i=1

-3 floggi ==Y filog L fi > -
i=1 i=1 fi
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— . filogfi = H(f).  Entropyof the random variable
M F ]ng;—f = D(f|lg)  Kullback-Leibler divergence (KLD)
| o
Theorem 10.4 (The Log-Sum Inequality). Ler a = (aq.,aq.....a,) and b= (by,ba,....b,) be
such that a;,b; >0, forall i=1,2,...,n, S ,a;=a and Y . b; =b. Then
Za?-logﬁl_}alogﬁ, (10.21)
i=1 bi b
where the equality holds when % = <, forall i.
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10.1.4 Markov’s inequality

Theorem 10.5 (Markov’s Inequality). Ler X be a nonnegative random variable with finite mean
E[X]. Then for any a > 0, the following inequality holds:

PX 2a] < E[X]._ (10.23)
1
which is called Markov’s inequality®.
EX] = / 1 — Fx(z)dz > / 1 — Fx(x)]dz > a[]l — Fx(a)]. (10.24)
0 Jo
Hence. we have
EX
PX Zal]=1-Fx(a) < | ] (10.235)
a

X
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An alternative proof:
wa
1i1=-|'.'l'
(1 X
Loy < = (10.26)
>0 = ulx — a), (10.27)
Multiply f,(x) both sides of (10.26) and integrate over x € [0, =)
/ fx(z)dx=P[X > a] < {1_1/ xfy(x)dr, (10.28)
Ja 0
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10.1.5 Chebyshev’s inequality

Theorem 10.6 (Chebyshev’s Inequality). Ler X be a random variable. Then for any b > 0, we
have

P[|X — E[X]| > b < = (10.29)

Proof. LetY = (X — E[X])? and a = b?, and substitute them into Markov’s inequality (10.23).

Remark: Let b=no

P[|X — E[X]| =2 no]

|
3 -
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Example 10.2: A simple proof of Bernoulli’s Theorem.

Sﬂ — Bl +BQ++Bn~
X, =25z
E[S,] » 05, nmpqg _ pq

E X = = ., c d = no—= - =

2 n P, AT OX n? n? n
Hence, by applying Chebyshev’s inequality to X,,,
S
p[_n_p|zﬁlip_if (10.30)
n ne

which 1s (2.45) of Bernoulli’s Theorem discussed in Section 2. 3.
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10.2 Chernoff’s bounds

For given X, define a new random variable Y = &%

X>b e Y >e foré >0,

X<b<e— Y >e? for£<0,

(1923-present)

Apply Markov’s inequality to Y

P[X > bl =P[Y > €] < ‘ig] £>0. (10.45)
ElY] = E[e*"] = Mx(§), (10.46)
PIX >b] = P[Y 2 e*’] < e *"Mx (£), £20. (10.47)
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Theorem 10.9 {Chernoff’s Bound). Let X be a real-valued RV, whose moments all exist. Then

PIX =5 < l._}'ljhl {rf"ﬁ"_-'lf_w,;[{:il} , where Mx(£) = E[E.“.E'Y:. (10.48)

If there exists the “best” £* such that

d(ln M x (£))

m (£*) = 7 e = b, (10.49)
then
P[X >b] < e M5 (€7). (10.50)
Proof: Consider the following function
U(€) = e P M (€). (10.51)

We can show (see Problems 10.20 and 10.21) that the second derivative
U"(€) = e_fb[bQJIX (£) — 2bM 5 (€) + M;;-(g)] (10.52)

is nonnegative, hence the function is convex, and so is In U(§). Thus, the value of ¢
that minimizes U(§) is found by setting the first derivative of In U(§) to be zero,
which leads to (10.49).
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10.2.2 Chernoff’s bound for a sum of i.i.d. random variables

mn

Sn=) Xi.

i=1

Mg, (§) = (Mx (&))",
Then

P[S, > b] < min {e_fb“L”mX(‘f)} .

£>0

d i
an P[S, < b] < min {e_fb“L”mX(‘f)} .

£<0

my (g) = My (&_) =

Thus, we obtain

P[S, > b] < e ME Mk (E)=mx(€)] e >

and

P[S, < b] < e nlErmx (€7)—mx (£7)] & <.
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(10.54)

(10.55)

(10.56)
(10.57)

(10.59)

(10.60)

(10.61)
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Define the “normalized” threshold:

350
/- n ’

Then
P[Sn > nj] < —n[&B-mx (€] & >0,

P[S, < nf] < E—ﬂ[i*ﬁ—ﬂlx(i*)]__ & <0.
Example 10.4: Coin tossing.
Spn=B1+ Bs + ...+ By,
with P[B; = 1| = P[B; = 0] = ltC}I”L"E—l 2,...,n.

1 1 1+ et 1 £
Mg, (&) = )905+§el'€: _;6 , and Mg ( ( T )

1+ef\"
P[Sy, > nf] < min {6_5”5 (_H) } :
€20 2

d 1+eS\"
— In T = n/3.
d& 2
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(10.63)

(10.64)

(10.65)

(10.66)

(10.67)

(10.68)

17



_fff* '}
‘ = = B, or £ =1n (—) : (10.69)

3 —npg 1+ 'ﬁ. n B
P[Sn > nf] < (H) (”) = [268°(1 - )+ P, (10.70)

By using the entropy function

H(B) = —Blogs B — (1 — ) logy(1 — 13). (10.71)

We can compactly write

P[S, > np] < 271-HEB), (10.72)

Note that the above inequality is meaningful only for0.5<B <1 (see the
paragraph below (10.53) on page 254 and Problem 10.22 of p. 274)
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R/

** Numerical examples

B =0.8, n=100 and n=1000 H(0.8) = 0.7219.

Hence, n(1 — H(0.8)) = 0.2781n, and Chernoff’s bound is 27927817

P[S100 > 80] < 27278 4208 x 1077, and
P[S1000 > 800] < 272781 ~ 1.9589 x 10754, (10.73)

Note that Markov’s inequality and Chebyshev’s inequality are both too
loose to be useful (see Problem 10.11).
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11 Convergence of a Sequence of
Random Variables, and The Limit

Theorems

11.1 Preliminaries: convergence of a sequence of numbers or functions

11.1.1 Sequence of numbers
Definition 11.1 (Convergence of a sequence of numbers). We say that a sequence {a,,} converges
to a, written

n—oo

if, for each € > 0, there exists a number N (€) such that

lan, — a| <€, foralln > N(e).

Definition 11.2 (Cauchy' convergence). We say that a sequence {ay,} is Cauchy convergent, if for
any € > 0, there exists a number N (€) such that

| — ap| < €, forall m,n > N(e).
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Theorem 11.1 (Cauchy criterion for convergence). A sequence {ay} converges if and only if it is
Cauchy convergent.

11.1.2 Sequence of functions

Definition 11.3 (Pointwise convergence). We say that a sequence {g,(r9)} converges to g(xo)
pointwise at point v = o, if for given € > 0 there exists a number N (e, o) such that

\gn (o) — g(xg)| < € foralln > N(e,xq).

Definition 11.4 (Convergence everywhere). We say rhat a sequence {g, ()} converges to g(x)
everywhere in [a,b], if it converges pointwise at every point, Le., if for given € > 0 and ., there
exists a number N (e, x) such that

\gn(x) — g(x)| < € forall n > N(e,x) and x € [a,b].

Definition 11.5 (Uniform convergence). We say that a sequence {gn ()} converges to g(x) uni-
formly in [a,b], if for given e > 0 there exists a number N (e) such that

\gn () — g()| < € forall n > N(e) and for all x € [a,b)].
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Example 11.1: Convergence everywhere, but not uniformly [318].

Consider
gn(x) =nee™™, 0< o <00, n=1.2,....
4/e -
2/e |
1/e
1/4 1/2 1 X
Figure 1.1 A sequence of functions g, (z) = n?xze " forn = 1,2.4, ... in Example 11.1.

The maximum occurs at x=1/n and its value is n/e.
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If the sequence of functions g,(x) were to converge to g(x)=0, we have to
show that for arbitrary € > 0,

gn (1) — 0] = n2re™™ < ¢
|Jr1~ )

Forall x €0, e=), when n is larger than some number x(:). The LHS of the above
Inequality is maximum at x=1/n, so that

lgn(n1) — 0] = ne ™t < e

We cannot find such a number N(e€) that N(€)/e < € for arbitrary € > 0.
Thus, the sequence of functions g,(x) does not converge to g(x)=0
uniformly.



11.2 Types of convergence for sequence of random variables

Definition 11.6 (Convergence everywhere). We say that a sequence of RVs { X, } converges to X
everywhere , if

Xp(w) = X(w) as n — oo forevery w € €,
that is, if for any € > 0 and for every w € €, there exists a number N (e,w) such that

| Xn(w) — X (w)| <€ forall n> N(e,w).

11.2.1 Convergence in distribution

Definition 11.7 (Convergence in distribution). We say thar a sequence of RVs [ X} converges o
X in distribution, written

- Do, I
Xn—=2 X, or X3 X,
if the distribueion funciion F(x) = P|X, < x| converges poimwise to Fy (x) ar all comvinuiry

points of Fy (x) = P[X < x|, thar is, if

lim Fy(x) = Fx(z) (11.2)

ar all poines © where Fiy () is comtinuous. |
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Example 11.2: A sequence of V(0. o2 /n).

= I'I.IJ}
Folx) f e 227 di.
a0 W AT O
0, = <
lim F..(r) 5, 1 =10
e 1, = =0
L 0, T« 0
Fy (z) {I_ >0 (11.3)

% Note: F (x) does not converge to F,(x) at the discontinuity point x=0.

Example 11.3: Poisson distribution as a limit of Binomial distributions.

m

Falr) =Y (;)pk[l "Ry — k), =0,
=D
Iim np = A,
s

Then from (3.81) through (3.84) of p. 57,

- — A .
lim Fy(x) EZDE: ulr — k), = 2=>0,
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11.2.2 Convergence in probability

Definition 11.8 (Convergence in probability). We say thar X, comverges ro X
Written
Xx. 5x ax, Bx
if

im P[|Xn — X| =>€]| =0 forany « =0,
Ti—hoo

ie., if for arbitrary € = 0 and & = 0, there exists a number N (e, &) such that

Pl[|Xn—X|>e|<4d, foralln>N(ed).

Let us define the sat
Anle) = {w 1 |Xnlw) — X(w)| <€},
Then convergence in probability is equivalent to
lim PlAn(e)] =1 forany e > 0.

A—Fi=
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(11.4)

(11.5)

(11.6)

(11.9)
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Example 11.4: A Sequence of Cauchy distributions.

n 1

fnlzx) =

—_ . — 00 < T < oo,
o '

n 1

lim f,(r) = &(zx),

Tl—d

im Fy(x) = ulx) = {D- T <0

b 1, z>1

X, converges in probability to zero, because

—& =
lim P[|X, —0] =¢] = f d{x) dxr + f dix)dr = 0.
D . £

-
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