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9 Generating Functions and Laplace
Transform

9.1 Generating function
For a given sequence {f;.; k=0, 1, £2, ...}, its generating function is defined by

F(z)= Zf;“k
k=0

In systems analysis, the name “Z-transform” has gained wide acceptance, where

F(z)=) frz " [z > 1. (9.2)
k=0

< 1. (9.1)

-
ot

9.1.1 Probability-generating function (PGF)
For given probabilities {p,; k=0, 1, 2, ...} where

P X =k =pr, k=0,1,2,.... (9.3)
its probability generating function (PGF) is defined by

Px(z) 2 E[zX] =) ppe®, 2] < L. (9.4)
k=0
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Example 9.1: Shifted geometric distribution.
Pk = ap. k>0. (9.5)

& ¥

, P
P(z) = ;)ngsk —

1 —gqz’
k=0
The region |z|<g ! is called the region of convergence of the function (9.6).

<q (9.6)

~
Ft

The number g is called the radius of convergence.

Example 9.2: PGF of Poisson distribution.
A

—e k> 0. 0.7
2 = (9.7)

Pr =

€
!
= (A2)k o
Py = Y S = e

;2] < oo (9.8)
k=0

9.1.1.1 Generating function of the complementary distribution

qr = P[X > k| = pry1 +prgo+ - - - (9.9)
1 — P(z)
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Table 9.1. Some probability distributions and their probability generating functions (PGFs)

l. Binomial (‘;)pkq’”’k E=0.1.2 (pz + q)"

2. Poisson ‘}‘C—Te"’" k=0,1,2 eMz—1)

3. Geometric!  ¢’p j=0,1,2 -

4. Geometric  ¢"1p F=1.2.3 b

5. Negative (_;')p’“ (—q)? _
binomial = (T+§_1}p’”qj 3 =01, (1_*”%)?
(shifted)

T 7 1s the number of failures before the first success 1s attained in a
sequence of Bernoulli trials; a shifted geometric distribution.
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9.1.1.2 Expectatlon and factorial moments

Zapk, 2] < 1. (9.11)

If we let z ©1in (9.10), we obtain P (1)= Q(1). Thus, the expectation is
E[X] = P'(1) = Q(1). (9.13)

Differentiate (9.11) once more, and using the relation P”(z)=2Q’(z)+(z-1)Q"(z)

E[X(X —1)] Zﬂk—ngR_P”()_Q(J() (9.14)

Var[X] = P"(1) + P’(l) - PR(1) =2Q'(1) + Q(1) — @*(1). 9.15)
P (1 ZA (k—1)-(k—n+ pk

— E[X(X— 1) (X —n+1)]. (9.16)

The last expression is called the nth factorial moment.
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9.1.2 Sum of independent variables and convolutions

W=X+Y (9.19)

Py (z) = E[z"] = E[z*2Y] = E[zX|E[2Y] = Px(2) Py (2). (9.20)
>t = (L) (L) 021
k=0 7=0

By equating the coefficients of the terms z* of both sides,
k
'k = Poqk + P1qk—-1 T --- + Prqo = Z’Pi'&'k—i (9.22)
k
't = Pkqo + Pk—191 T+ - - - T Poqk—1 = Z'Pk—j q;j- (9.23)
7=0

called the convolution summation or simply convolution.
=p®q or {re} ={pr} ®{qx}. (9.24)
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9.1.3 Sum of a random number of random variables
Sy =X+ Xo +...+ Xy

(9.35)
Let {q, } be the probability distribution of N, and P,/(z) be its PGF:
PIN=n]£g,, n=0.12..... and Py(2) 2 E[:N] =) gn2". (9.36)
n—>0
PX;j=k Zpg, k>0, forall j > 1, and Px(z) £ E [zY] = Zg)k;k. (9.37)
k=0
We are interested in the probability distribution {r¢} of S,
re=P[Sy =s], s=0,1,2,...
Ps(z) = E [:°¥] = E[E [:5V|N]], (9.38)
E [,-:;S”LN‘T =n|=[(Px(z)]"., n=1,2,3,.... (9.39)
Ps(z) = E[(Px(2))"] = Pn(Px(2)) & (Px o Px)(2). (9.40)

Pg = Py o Px, 1s the compound function of Py and Px.
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Example 9.5: N ~ Poisson and X ; ~ Bernoulli
RV N 1s a Poisson variable with mean A, 1.e., ¢, = ?I—T;E_A, n==0,1,2,...
Py(z) = e (172
X is a Bernoulli variable with P[X; = 1] = p and PX;,=0=1-p

Px(z)=pz+1—p

Ps(z) = e~ Al=(pz+1-p)] _ —Ap(1-2) (9.41)
re = P[Sy = 5] = ()‘f‘:) e s =0,1,2,.... (9.42)
S.
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9.1.4 Inverse transform of generating functions

Table 9.2. Properties of PGF P(z)
[nversion of P(z) to find {p }:

3-a. Inspection:  p* = coefficient of z* term in P(z)

3-b. Taylor series expansion around z = 0:  p;, = 5 P*)(0)

. . P(z
3-c. Contour integral in the complex plane: pp = 2}” $ - k&i dz

(use Cauchy’s residue theorem )

3-d. Partial-fraction method: See Section 9.1.4

3-e. Recursion method: See Section 9.1.4

Taylor series expansion of P(z):

P®) (0
Pr = k'() (9.43)
Cauchy’s residue formula:
1 P(z)
Pk = 5 % ‘:k+ld‘:' (9.44)
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Table 9.3. Some important transform pairs of generating functions

No. fr F(z) =Y fiz"
k=0
l+ {-\‘,k 1—1C|fz
L1 ) ak L
2. (k+ 1) 1—az)?
3 (;c+;r:—1)&;c (1_;3)?1
4. 1 (for all & > 0) L
5. k.0 1
6 k o7
7| K e
g 13 z(1(14_1;432)
T ~d\" _1
9 ;., (/" dz) 1—=
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9.1.4.1 Partial-fraction expansion method

p(,_) _ A'T(*':) . ﬂns?n T an_l,-:;”_l + .- tayz 4+ ag
D) bazl 4 bg12l 4 bz + by
n—d ~
. N(2)
P(:) — Ck,-’.:k -+ -~
| ; D(z)

Assume that D(z)=0 has d distinct roots.

D(z) =bg(z — 21)(z — z9) -+ (2 — zq).

e

N(z) _ h | 2 N fa
D(z) N —2zZ zo—z  zg—z
j:r(:g) )
=iy 1SS
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1 v _
— , Where o; = z; 1
2 — 2 1 — a2

1
=1+ a;z+ (z)?

1 — ;2

_ k+1 k+1 k+1
Pk = Ck + Jia7 T + faag ‘|‘---+fdﬂ'd ;

When the roots are not all distinct, i.e., the ith root has multiplicity m, .

D(z) =bg(z —z1)" (2 — 29)™2 oo (2 — z)"'m.

N(z
(2) _ { fia N f12 E fl,mlm ]+[ f21 N fa2 .
D(z) 21—z (21— 2) (27 — z)™ 20—z (29— 2)
f2mlg ] f:r:l f-r2 f"r m
Io-—|— - +... _|_ b + 2 +'.'+ ? ™
(29 — z)™2 2p — 2 (2p — 2)2 (zp — z)™mr
To find fi m, .

D(z) = (z — z)™D(z).

We multiply ggg by (z; — z)™, and let =z tend to z;.
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+(az)* + ..., |z < |ul. 1<i<d

(9.51)

(9.52)

(9.53)

(9.54)

(9.55)

(9.56)
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N(z —1)™im; !N (2;)
lim,_, ., sy D(mi)(z;)

By extending the above method, we find

d

= (—1 mi—1 7]
fa,mt 1 ( ) g -

D(mi) ()

J\WT(/.,) } (9.60)

i

(=™ | dmT (N(z) (=1)imy! [ dme N(z) |
f%,j o (-;n.i;—j)! =i D(L) B -_ (.?n_z._j)! d=mi—J D(mi)(z) B ) (961)

fij o fz'j&g g
(zi — z)7 B (1 —yz)d (9.62)

and using the formula from Table 9.3, we find

0

1 k+7—1\ . &
.:E v, 2 .63
(1 — ay;z)I ( 3 )a?’ (9.63)

k=0
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m;

T
pr = 2" + Z Z Jij

1=1 j=1

k-1
( +i )&_gwﬂ

gij = fij o,

we have

~ k+j—1

where c¢p, = 0Ofork >n—d+ 1.

gor =cj. 1<k<n—d

i=1 j=1

where gg = 0 for & > n — d, and

1

I<:<r, 1<j5<m;.

E=0.1,2....,

gz’j:(

10/4/2013
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[(1 —

where: =1.,2,...,r,and j = 1,2,....m;.
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If we define coetficients g; ; by

(9.65)
(9.66)

(9.67)

(9.68)
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Example 9.6: Partial-fraction expansion

P%A)__66——692—%322%—1623——424
T 12(18 — 332 + 2022 — 423)
1+ z 24 — 27z + 827

P(z) = :
(2) TR 6(18 — 33z + 2022 — 423)

D(z) =0hasroots z; = 2 and z9 = % with m; = 1 and mo = 2.
N(z) =24 —272+ 8% N'(z) =16z — 27,

D(z) = —24(z — z1)(z — z2)%. D(z2) = =24(z — 1), D'(z) = —24.

1+ 2 f1,1 f2.1 f2,2
P(L) — + 3 + 3 + 3
12 21— 2 zp—2z (29— 2)?
N(z) 1 N(z) 1 d N(z) 11
— — = —. —— = —. a i - — — :———_0_
fi1 Di(z) 3 f2.2 D(sy) 8 and fa =D(| 4 1
=3
1 - 1 1 1 - 1 1
Pz)= 5+ 5t -+ g3 3=t t—g +7
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ko, k1, LI\ (B+1) £2)F
PE="5 7 12+Ei<2) T \3)

11,1

PO=957"6 718 ~ 36
1 1 4B
Pr=95 799 T 51" 54’

1 /1 2_% 3 /2 25 t
po = — | = — (= )2= etc.
P2 =6\ 3 18\ 3 216°

(RN
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9.1.4.2 Asymptotic formula in partial-fraction expansion

% Assume that z, is the smallest root in absolute value among all the d distinct

roots, L
ap > oy, fore=2.3.....d.
_ - k+1 k ) . Y _
pr ~ fia7"" = giay., where g1 = fi01. (9.71)

% Consider the case m; =2. Recall (9.67)

Pk = o> +szm(g‘ﬂﬁl)a§. k=0.1.2.. ... (9.67)

i=1 7=1
The term ¥ in (9.67) has the coefficient

gi1+g12k+1)=g11+7g12+ 912k
Thus,

Pk~ g1,2 k(.r’tf. for k> 1. (9.72)
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R/

*¢ Consider the general case m; > 1.

ktmy — 1
Dk ~ G1.ms ( Tzl )a-i“._ for k> 1, (9.73)

where a1 = 21_1 and the constant gy ,,, = fljmla-’f“, and

(—1)™tmy L@T(zl)

frm = 5 = (9.74)
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9.1.4.3 Recursion method

-
Zpkzk_ D iz W% |
Z_j‘ Ub.?"

k=0

ZZ;);&bji ax —Zaz., .

k=0 j=0 1=0

a; for: =0,1
0 for 7 > n.

We can then solve for {p;; 1 = 0,1,2, ..

(9.75)

(9.76)

(9.77)

.} in a recursive manner:

1 i min {d,i}
Pi — — |4 — E bjpi—j = 0,1.2,.... (978)
bo .
j=1
10/4/2013 Copyright Hisashi Kobayashi 2013 19



9.2 Laplace transform method
9.2.1 Laplace transform and moment generation

Let X be a nonnegative and continuous RV.

Oy (s) = Ele™X] */ fx(r)e % du (9.79)
Dx(s)| <DPx(0)=1 for (9.80)
_ELX”d:(;qqﬂégﬂan. (9.81)

Example 9.7: Exponential random variable.

> A
'y (s) = TAT ST 1 — : .83
D x () /.3 e e di Y (9.83)
(I"’X(“’) B 1 ;
Dx(s)  s+N ©-84)
D+ (0 1
E—Pf] = —fI)fX (0) = ( X)\(‘ ) — % (9.85)
)
-2
EP& ] (0) Ik (9.87)
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Table 9.4. Some Probability Density Functions and their Laplace Transforms

Name PDF LT Mean Variance
Exponential peHE x> () L 1 1
T pts I u?
. (kpz)®x” —kpx kp \E 1 1
k-stage Erlang ¢ x>0 (hp+s) m s
.. . _ 8
Deterministic ) (I —_ i) e B i 0
. 1 e®s 1 a ﬁ
Uniform ~.0<x<a — 5 5
. p bs__as b—a)2
Uniform A-a<x<b s ath ( 13)
2
Hyper-exponential Z” T e BT o > () s Zn: Ti 9 -~ — Zn: T
YP P i=1 TiHi€ T = A wi+s 1 i l,u,T. =1 L
1= 1= 1= T 1=

10/4/2013
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Table 9.5. Important Laplace Transform Pairs

No. Name Function LT
L. A function f(z)u(x) (s) = [, f(x)e ="dx
2. Unit impulse o(x) 1
3. Shifted impulse Oz —a) e s
4. Unit step u(x) 3
5. | Shifted unit step u(z — a)
6. Ramp ru(r) = fﬂm w(t) dt ;:Lg
7. (r — 1)st power function (5‘:1__11), u(x) Siﬂ
8. ath power function ru(x) { PSELD’ o _> -1 o
—7. «is apositive integer
9. Negative exponential e Tu(x) Siﬂ_
10. re “Tu(x) (S+—1a)g
10/4/2013 Copyright Hisashi Kobayashi 2013 22



zh—1lg—ax 1
11. (mn—1)1 “’(‘T) (s+a)m
12. Cosine (cosbx)u(x) o
13. | Sine (sin b )u(z) e
14. Expon. cosine (7" cosbxr)u(x) (s +§ga 32
15. Expon. sine (e™** sinbx)u(x) (5—|—a?2—|—b2
10/4/2013 Copyright Hisashi Kobayashi 2013 23



Table 9.6. Properties of the Laplace Transform

No. Name Function LT

1. Shift flz —a)u(xr —a) e **P(s)

2. Truncation f(x)u(r —a) ®(s) — [ f(x)es=dx

3. Scaling (%) u(x) a®(as) (a > 0)

4. Exponential decay e f(x)u(x) P(s+a) (a>0)

5. Linear growth window  zf(x)u(x) - d‘igs)

6. nth power window " f(x)u(x) (=)= dn(b( )

7. | 1/ window 1) () [ ®(s1)ds

8. | 1/a™ window L&) () [ dsy [dsyee- [ ds,®(sn)
10/4/2013 Copyright Hisashi Kobayashi 2013 24



0. Differentiation

1. Multiple different.

12.
13. Integration
14. Integration

15. Multiple integ.

—dj;(;) u(x)
dé(x)

dx

d”f(w)u_(:ﬂ)

dmﬂ.

d"6(z)

dm?l

et
[, F(t)di

Fem (@)

sP(s) — f(07)

s

s"®(s) — s LF(0T) — s
e — f(n—l)(g+)

Sn

B4 107 f(r) it
4
B St =

s (_n)s fl
oy S5

S

n—=2 f(l) (04—)

B(s) | AR O

] S

®(s) | fHoth) n fﬂ—f”(o+)+

sn—

10/4/2013

Copyright Hisashi Kobayashi 2013

25



Table 9.8. Other Properties of the Laplace Transform

No. Name Property

L. Linearity afi(x) +bfa(xr) & adq(s) + bPa(s)

2. Convolution fi(z) ® fa(z) & P1(s)Pa(s)

3. Integral property fox (x)dx = $(0)
If fx(x)isaPDF, &x(0)=1

4. Initial value theorem w12101_ f(x)= ;gli sP(s)

5. Final value theorem  lim f(z) = 11111 sP(s)
Tf?&a( $) is analytlc for R{s} > 0

6. | Mean E[X]=-22x)| = 3 (0)

7. nth moment E[X"] = (—1)”(1)5?)([])
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Table 9.9. Other Properties of the Laplace Transform—cont'd

No. Property
8. | T(s) = s®(s) —  gla) = Lf(x)

9. | T(s) =2 — g(x) = [T f(t)dt

10. | I(s)=®(s+a) = g(z) = e~ f(z)

1. | T(s) =e®d(s) = g(z) = f(z — a)u(z — a)
12. | T(s) =43 — g(x) = —xf(x)

13. | D(s)= [ ®(s)ds —> g(z) = £
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9.2.2 Inverse Laplace transform

O(s) = / e~ £ (¢) dt. (9.94)
J 0

If f(t) is a piecewise continuous function of exponential order « (i.e., |f(t)| < Me®), the
transform function @ (s) is defined for R(s) > «. Here the parameter « is often called the abscissa

1 c+i00
=55 [ @etas 9.95)
where ¢ > a. -

Remark: For a nonnegative RV, the LT of its PDF f(t) always exists, because

1Px(s)] < / le™** fx ()| de < fx(x)de =1 for R(s) > 0. (9.96)
. o0
9.2.2.1 Partial-fraction expansion method
N(s) aps™ +ap_1s" 1+ +as+ag
Oy(s) = —— = . 9.97
X(H) D(‘a) ded + bd_l-_‘;d_l + -+ bis+ by ( )
n < d. (9.98)
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) E::]_T - wf
d i,J
Ox(s) = — +
(5) b ;;(Q—F/\i)j
1 d™i™J Ni(s)
i,j — )\?* e
fiss (mi — j)! ds™i-3 { s+ M) D(s) L,\
© g1 \ 1
e e dr =
/0 (i = 1) (s + A
g L= it L
fx(x) = —0(x) + : e
a4 == fi —
F __a + t,] 1 . -__—)\E'I
x () by ;; N { 5 kZ:O

10/4/201
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(9.101)

(9.102)

(9.103)

(9.104)

(9.105)

(9.106)
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Example 9.9:
s3 4+ 8s% + 225 + 16
Dx(s) = -
4(s3 + 55?2 +8s +4)
D(s) =4(s+1)(s + 2)?

—A1 = —1withm; = Tand —Ay = —2 with my = 2.

PR S B SN
XTI TG+ 25 t2) | (s+2)
O >~ >~ 2T
fX (;.I.') — (_li) + 64 -+ ; 5 —+ ;L'E’._2I._ 0 S €T < X0,

1 1—e® 1—e2% 1 —e 221+ 20)
F L) = —
xw) =g+ —F—+——+ 4
e T 4 e 2T 4 E_Z‘T(l + 2x)

0<ur<o

10/4/2013 Copyright Hisashi Kobayashi 2013
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Asymptotic formula in partial-fraction expression

c.f. Section 9.1.4.2 (pp. 224)

We must find the root whose real part is smallest in absolute.

Let - A; be such a smallest root with multiplicity m,.

](X(f) ~ flﬁ'nl ,{'ﬂll_]'{"_)\lx_ > 1.
S (my = 1)!

In Example 9.9

e T

fx(x) ~ W r > 1

(9.108)



9.2.2.2 Numerical-inversion method

Recall (9.95):
1 c+100
f(t) = — / P (s)est ds. (9.95)
270 Je—ioc
Set .
S = C T 1W, c >a
2eCT [ _
fx(x) = / cos(wx) R{P(c + iw)} dw, = > 0. (9.110)
T Jo

Suppose we wish to evaluate fx () over a finite range 0 < & < T

et |1 = mik whkax
Fx () ~ SR{Q(e)} + ) W {fl) (r: + ) } coS ( ) . (9.111)
! g) fa Y oy
T |2 o 2T 2T
. | 2yl mik —1)7 , i
fx(jo) = 7 |39t kz_l gk COS wa, + ( 2) ggN] . j=0,1,...,N, (9.112)

where 6=T/N and
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= Irim
go = R{®(c)} + QmZ_D%R {(I}X (c + T{;m)} 9.113)

> omi [k
gk = mz_o [8% {‘I’X (C —+ 5 (4N + m))}
+ SR{(I)X (c+ 257” (1 — jf\ er))}] . k=1.2....,2N. (9.114)

An appropriate choice of the parameters ¢, N, and 0 is a rather involved question.
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