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R/

% Propagation in a radio channel
Let L (>1) be the loss or attenuation factor.

Divide the path between the transmitter and receiver into contiguous and
disjoint segments. The overall loss L is the product of the loss within each

segment: n
L H L, (7.54)
i=1

vy =3V, (7.5

=]

=

'l
o’

where we set

Y =InL . and ¥, =InL; fori=1.2 Tl

From the central limit theorem (CLT), we see that Y is asymptotically
normally distributed.

Therefore, the overall attenuation factor is log-normally distributed.
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< decibel (dB) representation

In .
Z = 10logyp L = 10—— = (10logyg €)Y [dB] (7.56)
10
10 10 1 o2
E[Z] = —py = Inpg —~In {14+ 2L
2] = oo™ 1n1{}[n“'" > “( +pf‘)]
1 e:ri
= 10 ]-E'EI_I}P'L - E].Elg“]. 1 + ;_F [I:lE] {?-5?_}
= L
a' 2y
oy = -9 o —10 [logygelogyg (1+ L) [dB. (7.58)
In 10 \ P

9/30/2013 Copyright Hisashi Kobayashi 2013



7.5 Rayleigh and Rice distributions
7.5.1 Rayleigh distribution

Let X and Y be independent RVs with N(0, o%). We define

R=+X2+4+Y2, R>0. (7.59)
Then its PDF is

frir) = Ljf =7, r >0 (7.60)
=

called the Rayleigh distribution.
¢ Derivation of (7.60):
Writing X=o0 U, and Y=o U,, where U, and U, are from N(0, 1), we see

2

R=g i

bk

By setting n=2 in (7.2) we find

k3H

i

, T =0, (7.61)

[
e
=]
]
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Set

r* = o (r and v are the values that the RVs R and 2 take, respectively).

Irdr = o duv,
Then equating f, 2(v ) dv = fr(r)dr, we readily obtain (7.60).

¢ Alternative derivation of (7.60):

X=RcosO, and ¥ = Rsin®, R<0, © < [0,2x]. (7.63)
1 " + y* 1 r .
fxy(z,y) = Yo E}EP{_ D } ~ g2 E:{P{_ﬁ} (7.64)
gr fr -
T,y — — cosfl —rsmnf .
JI === |det| 8 @ || =|det | . =T, 65
' (T,E’)' ¢ [%E EE] ¢ Lmﬂ rcos B " (7.65)

e

ro(r0) =1 (22) v o) = 50 Few{ g5 b = fo@fatr). (66

Hence, we obtain (7.60) and

fald) = r}i 0 <8 <2r, (7.67)

A
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7.5.2 Rice distribution

Assume X is from N(p,, 02) and Yis from N(u,, 0%). Then the PDF of R of (7.59) is
7, .2

= Zor il
.ulr.ri'["'-]' — = 2 Iy (J—;_J) T =0, (7.75)
rT .

(Note: a typo in (7.75) of the book)
Stephen O. Rice

which is Rice distribution or Rician distribution. (1907-1986)

where
o= 1..-"';1.'_{. + pf,f-- (71.76)
1 [ . comd
Inlx) = —f eT ¥ dd, — oo < 1 < 00, (7.77)
T 1)

which is the modified Bessel function of the first kind and zeroth order.

See Eqgs. (7.78), (7.79) and (7.80) of pp. 170-171 to derive (7.75)
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+¢* The normalized Rice distribution

Let the amplitude R be normalized by g, i.e.,
V=R/o

and let
m= Y/o

The normalzed Rice dsripeion

a7 T T T T T T
[
m=0
D .
L
m=1 M=3 M= Mm=5
04
0.3F
0.z2F
gAf LY
o .,
o 1 1 1 e I 1 1 1
a 1 2 3 3 = ]

Figure 7.4 The normalized Rice distribution for m = 0,1, 3. 4, and 6.
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+* The modified Bessel function of the first kind and zeroth order

C0S

Apply the Taylor series expansion to &+ In (7.77) and noting I,(x) is an

even function,

% llialm 2
Io(x) = Z ( 2 - ) : (7.83)
TrL:

m=i
7

Ip(z) =1+ % for x == 0, (7.84)
Ip(x) == {_ for r = 1. (7.85)
W 2TT

Note: For the modified Bessel function of the first kind and nth order, see

http://mathworld.wolfram.com/ModifiedBesselFunctionoftheFirstKind.html
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Part |l

Transform Methods, Bounds
and Limits

Table 8.1. Four different types of transform methods

9/30/2013

Transform

Definition

Inverse transform

Moment generating function Mx(t)=FE fr*""]

Charactenistic function

dyin) = F fr‘“-"‘]

Probability generating function Py(z)=F [?-"‘

Laplace transform

$x(s) = E [e*]

E[X"™ =M (0)
fx(z) = Flox(u))

Py (D)

e =

fxizy =L I{*']'J_'{ (%)}
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8 Moment-generating function
and characteristic function

8.1 Moment-generating function (MGF)
8.1.1 Moment-generating function of one random variable

The moment-generating function (MGF) of a RV X is defined by

My (t) = E[e] = f e dFy (r), t €1, (8.1)

2.2 gT T
€ — 1tz o e e (8.2)

o L.

:,:2 _ 47
Mx(t) = L +E[X] + ZEX? + -+ SEX" +---. (8.3)
i . nl
M) =ZExm, (8.4)
dth - ' nl °

=i
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EX" =M®™0), n=0,1,2,..., (8.5)

The natural logarithm of the MGF

mx(t) = IlnMx (t)

rd

tel, (8.6)

is called the logarithmic MGF (log-MGF) or the cumulant MGF.

— E[X] (8.7)

MZ () Mx (t) — (M} (#))?

iy (0) = M0

— E[X?] — (E[X])* =2 (8.8)
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Example 8.1: MGF of the binomial distribution

B(k;n,p) — (k)p*q" ©E=0,1,2,...n, (8.9)
ZE”‘( ) |Ir""‘"r—{l,*l:rE'*+4;|'Jlﬁ, — oo < t < oo, (8.10)
E=I}
E[X] = Mx(0) = n(pe' + q)" 'pe’| =np, (8.12)
t=1l
E[X?¥ = M%(0) = n?p® + npy. (8.13)
Var[X| = E[X?] — E*[X] = npq. (8.14)
m_-.:[f]=nln{pft+q;|., — oo < t < oo (8.11)
(4
r PE
E[X] = m'y(0) = = np, 8.15
[X] = m'x(0) npf*+qt=,:, np. (8.15)
i f + q} - [PEI}E
o2 — m" (0) = nPEPE — npyq. (8.16)
ot (pet + q)> t=0
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Example 8.2: MGF of Poisson distribution

AR

Pik; \) = Fe-ﬂ k=012, .. (8.17)
Mx(t) = E[e"™] =¢* Z H M), (8.18)
mx(t) = Ae'—1), —oo <t < oo, (8.19)
E[X]| =m (D)= Xe!| =X (8.20)

t=0
Var[X| = m%(0) = Aef| = A (8.21)
t=0
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Example 8.3: MGF of the normal distribution
1 -

frr(u) = e T, —00<U< 00

o

(8.22)

5 1 - u 1 -
ﬂ-f{_.‘{t} _ E[Eﬂl_ _ 1‘_;.2—-[ EEEE—TE du = E_a:?_.'r? (ﬁ.—fg_f £ (u—t)2, 2 dﬂ) . {3.23}
m —i m —

3

Myit)=eT (8.24)
tE
mp(t) = 3 oo < b oo, (8.25)
E[U] = m},(0) =0, (8.26)
Var[U] = m};(0) = 1. (8.27)
X =p+ol, (8.28)
My(t) = E [e*[#-””?] — B[] = &t My (to) = exp {tﬁ + [tf;}_ } . (8.29)
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(to)?
?

mx(t) =t + — o0 < < oo, (8.30)

E[X] = m'(0) = p and Var[X| = m% (0) = &2

The nth central moment

E[(X —p)"] =e"E[U"], n=1,2,.... (8.31)

By applying the Taylor-Series expansion to My (t) = % /2

R .
Mg =1+—+—+---+—FF* ... 8.32
_ . E[U?] , E[L™ .
My(t) =1+tE[U] + 5 t“ 4 -4 T-f S (8.33)
i 0, n odd
L . d
ElU™] = { 1-3.5---(n—3)(n—1), neven. (8.33)
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8.1.2 Moment-generating function of sum of independent
random variables

Let Y =X, +X,, where X; and X, are independent. Then the MGF of Y'is
My (t) = E[e"] = E["*|E[e"*?] = Mx (t)Mx_(#), (8.37)
Let X,.i=1, 2, ..., m, be m independent KV s with corresponding MGFs My _(f).

Define Y as their sum.

) Z X, (8.38)
i=1

Then the MGF of Y is

My (t) = H.u_\-,(f:_ tel, (8.39)
i=]1
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8.1.3 Joint moment-generating function of multivariate random variables
= (X, X, ..., Xy )T is an m-dimensional vector random variabl

The joint MGF

My (t) 2 B [enXrtaXattinXn] — pleltel| | for te 1, (8.40)

gri+-+nm My (1)
Oty - Oty

E[XM... X' = (8.41)

t=0

Example 8.4: Joint MGFs of bivariate and multivariate normal distributions
bivariate normal variables X = (X, X5)"
V=t X+t Xo=1t'X £ (t. X). (8.42)

puy =t + tapg = (t, p) (8.43)
oy = E[(Y — py)’]
— fEE[ X1 — 1) -3] + 281t B [(X1 — p1 ) (X2 — pa)] + f%E[(Ig — ,Hg:IE]

'lﬂ'-l ‘I‘Eﬂt]t'}g]g‘} -I—t-j.l:-r-] = '{ .tGI:I e f_ﬂt.. {5.44.}
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where

2
T NF
G:[ 1 122j|.

pPo1dz 09
Writing Y = oyl + puy.
My (€) = E[e] = 5 B[e™ <]
= Y My (oy €) = ﬁf“ve[—”‘éi,
Ifwesetf =1

My (1) = E[e¥] = ePv+F

From the definition of the joint MGF

E[e'] = E[e'® %] = Mx(t).

Thus, we find the joint MGF:

9/30/2013

oy tTCt
Jf_‘,l{ [f] = gH¥ +_'n'!L = eXp {fT[.t + T

Copyright Hisashi Kobayashi 2013
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(8.46)

(8.47)

(8.48)

(8.49)

(8.50)
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** Generalization to a multivariate normal distribution

_.{ = [JT]_....’T'._:' ..... ..'..{-r_”_]
o 1 (@ —p)'C Hax — p)
) = - — X — — »
fx () (2m)™/2| det C|1/2 p{ 2
I ':'--1! A12d102 - P1lmP1%m 1
. . T p21020] "Ti: * P2 T2y
C=F[X —p)(X —pu) |= ) :
Pl %mT1 Pm20mO2 ':r';';?l‘l i

, t'Ct
Mx(t) = exp {fT,u + T} . te R™.
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(8.53)

(8.54)
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8.2 Characteristic Function (CF)

o
ox (u) = E[e™*] = / e dFy (z), — 00 <u < oo,
— i

For a continuous RV

dx(u) = E[e™X] = j et X f(z) de,

— o0

For a discrete RV

9/30/2013

dx(u) = E[ﬂ{"'\-] = Z !'J{JJEFEP[J:,[;].
I
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(8.55)

(8.56)

(8.57)
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Example 8.5: Characteristic function of the normal distribution

. 1 2
fx(x) = e I —00 < T < DO.
2
. =2 ul - . . -]-1
- e o€ T e T (® —u)”
ox (u) = Ele™ =f e dr = Exp{——}d:ﬂ.
) [ ] N o =/ 5
We make the change of variable s = x — 1u
P 'I'_:_%—'ﬂ_ ot 52
oxlu) = e T ds.
V2T J_ce—iu
Im
—x L
- = Re
-111
(a) foruw =10
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Iy
o=

The function -7 is analytic (i.e., possessing no poles), the integral around the

contour of Figure (a) is zero — the Cauchy-Goursat integral theorem.

¥—i1i .3 Cu] L2 — (X _n — i — i 2
/ e” T ds + / e T ds + / e~ T dr 4+ / e” T ds =10 (8.63)
— i — 11 of OF — I of ¥ W —

The second and fourth terms approach zero as o« — oo,

oo — 3 .3 o0 .2
/ e T ds — / e T dxr =10, (8.66)
— o0 —iu of —0

The second term is /27, so must be the second term. Hence from (8.64)

i

ox(u) = e~ T, w0, (8.67)

For the case u < 0, the contour integral in Figure (b) will lead to the same result
(Problem 8.14).
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Im
#+

-1

*Re

by foru < 0

¢ By applying the transformation Y=(X-u)/o, we find the CF of N(u, 0?)

dx(u) = E[f_:z‘.:-_‘g1+n:r‘r';|] _ f_,_fqu[{_:z':u.:r]F]

r 2
= ey (uo) = exp {éu,u, — ['“g] } . — 00 < U< 00, (8.68)

** The cumulative generating function (CGF)

2
Uy (u) = Indy(u) = iup — l::_u;r]l (8.69)
px = (—i)Us (0) = p, and -:L.L = [—1*:I iy (0) = (8.70)
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8.2.2 Sum of independent random variables and convolution

Y=X, + X,
oy (u) = E[e™Y ] = E[e™*E[e™*?] = ¢x, (u)dx,(u), —oo<u < oo, (8.71)
fyly) = Eiﬂ- Gxy(u)dx, (u)e ™ du. (8.72)

By substituting ¢ x, (u) of (8.56) into the above,

- 1 - , —iufy—az)
f}'[y]=/ f.x'.(ﬂ‘]{zj/ Gxq(uje ™ 'efu} dz, (8.73)
which, with (8.59), leads to
fr(v) =f fx,(x) fx,(y — ) dz. (8.74)

fr(v) = fx,(y) ® fxa(y). (8.75)

The above is called the convolution integral (or simply convolution) of

fxi () and fx, ()
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Example 8.6: Sum of independent normal variables

LetY = X; + X,.

u(of + 03)
; .
Thus. we see the EV Y 15 also a normal variable with distribution

gy (u) = ox, (u)px,(u) = exp {iu (p1 + pa) —

=y +po and o = -f:r'f’+-:r%.

This reproductive property of normal variables holds for the sum of
any number of independent normal variables

8.2.3 Moment generation from characteristic function

™

‘' d" oy (u - . o
oy (u) = T"ox(u) = / .'L-!.?:]I”fﬁ’”mf_\- (z)dz, — oo < u < oo.

o0

E[X"] = (—i)"é\(0), for n=1,2,....
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(8.80)

(8.81)
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Assuming that the Taylor-series expansion of the CF exists throughout some
interval in u that includes the origin,

o0 T

. o5 (0)u™
ox (u) =) —= :-[a'f _ (8.82)
=0 )
Using (8.81), ’
| — ()"
By (u) = Z E{X™ —, —00<u< 00 (B.83)
!
n=I[]

The cumulant generating function (CGN) defined in (8.69)
Ux (u) = Indx(u).

may also be expanded:

_ = (fu)™
Ux(u) =) Knm—i. (8.85)

- |
=1L m

The quantities «,, are called cumulants.

iy = (=) (0) = p, and ks = (—i)*Y%(0) = o”. (8.86)

9/30/2013 Copyright Hisashi Kobayashi 2013
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8.2.4 Joint characteristic function of multivariate random variables

= (X1, Xa.... .Xm]l_ 15 an m-dimensional random vector
We define the joint CF as

th [E*tlul\l-l-'”\m-l- FumXm) l

i
f / / exp{i{u, x} } fz(z)dri dra - - - dopy, (8.87)

The joint moment, if it exists, can be obtained by

Mt m gy (1)
duit - Qup™

(8.88)

it

E[_:‘:']r![ . X:Ilm] — |:_?:I:'|-|_—---—”m |:

u—=100

The inverse transform (8.59) can be extended to the multivariate case.

o ]. ohgs o - - . )
fxlxz) = (2—1_) f / ] exp{—i{u, z) } ¢z (x) duy dus - - - duy,. (8.89)
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Example 8.7: Bivariate normal distribution.

Y = (u, X) (8.90)
pwy = {w, p) (8.91)
H%— —u' C'u (8.92)
By writing Y = oy V 4+ 1y
EEI'}*'(H] . ry [!_J-z'u’}"] _ ﬁt’ﬂh}*E [{::!I-r..:crr‘f] _ !_J-z'uu'rﬂ——g—wa - ] (8.93)
Ifwesetu=1 2
dy(1) = E[eY] = e (8.94)
But _ -
E [] = E [¢%)] = px(u). (8.95)
Thus,
. o ou' Cu
Ox(u) = exp {i{u. p) — 5 } : (8.96)

The formula (8.96) holds for the multivariate normal variables as well (Table 8.2).

9/30/2013
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8.2.5 Application of the Characteristic Function: The Central Limit Theorem
(CLT)

Let {X,; 1<i<n}be nindependent samples from a population with an arbitrary
Distribution function F(x), but with finite mean p and variance o2.

1 i
— -y x, (8.97)
n

i=1
Theorem 8.2 (The central limit theorem). If X ,, is the average of n independent samples from
a distribution having finite variance 2 and mean 1, then

lim P [£¢X“ _ jg.T] - j e du | (8.98)
fl— 00 o T

Thus, X, is asymptotically normally distributed according to N (u, % /n).

Proof Let ¢, (u) be the CF of the RV /n(X,, — pu)/o:

exXp {zuz i~ H) }] = (¢(u))", (8.99)

where ¢(u)is the CF of (X; — pu)/v/no, common to all X;'s

@n (u) = E[!ﬁfﬂvﬁlﬁn_“}'{a] =
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By applying the Taylor series expansion (see (8.83))

X —pu X —p 3 u?
) =1 E ——E — . 8.100
so-vs (e[S ] (@) o
Thus,
1= T " s
lim_ L_:".un[r[}z 111r1 [1 _E -+ (?)] — g T {S]'DI,'I'

Thus, the distribution function of the RV vie " (Xn — ) converges to that of the
distribution N(O, 1):

lim P [ﬁ (X, —p) < 3'] / -5 dut. (8.102)
i—+00 F 2 T

Thus, X, is asymptotically normally distributed according to N (jt, a’ jn).
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