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 If FXY(x, y) is everywhere continuous and possesses a second partial derivative 
everywhere, we define the joint PDF by

 The conditional distribution function of RV Y, given X=x, is
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 The conditional expectation of X given Y is defined by

where 

 The law of iterated expectations holds:

 The conditional expectation is the best estimate of X as a function of Y in 
the minimum mean square error (MMSE) sense (see Section 22.1.3, pp. 
649-651)
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4.3.1    Bivariate normal (or Gaussian) distribution
The standard bivariate normal distribution is defined by
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 When ρ=0, the RVs U1 and U2 are said to be uncorrelated and  

 Thus, the bivariate normal variables are independent when they are 
uncorrelated.   (Two uncorrelated RVs are not necessarily independent, unless 
they are normal RVs.)

 The conditional PDF of U2 given U1=u1 can be computed as

which is also a normal distribution, with mean ρu1and variance 1-ρ2.
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 Define RVs X1 and X2 by

Then the joint PDF of X1 and X2 is

where

 Adopt a vector notation:

Then
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where C is the covariance matrix, given by

and
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A family of PDFs (or PMFs) of the form

is called an exponential family. The function T(x) is called the sufficient statistic.

is called the canonical (or natural) exponential family.

 The exponential family of distributions includes the exponential, 
gamma, normal, Poisson, binomial distributions, etc.
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 Suppose that an observed sample X is drawn from a certain family of 
distributions specified by parameter θ.   

 The Bayesian treats this parameter as a RV Θ, which is assigned a prior PDF 
π(θ)=fΘ(θ).

 If RV X is a discrete RV, we have from Bayes’ theorem (2.63)

 If the RV X is a continuous RV,
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 The conditional PDF f(x|θ) is called the likelihood function, when it is 
viewed as a function of θ with given x, and is denoted as

 Then the posterior distribution can be written as

 For certain choices of the prior distribution, the posterior distribution 
has the same mathematical form as the prior distribution. Such prior 
distribution is called a conjugate prior (distribution) of the given 
likelihood function.
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Example 4.4:  The Bernoulli distribution and its conjugate prior, the 
beta distribution

 Write the probability of success as θ (instead of p).  
 Define the binary variable Xi which takes on 1 or 0, depending on the ith trial 

is a success (s) or failure (f).
 Then, we can write 

 For n independent trials we observe the data 

The likelihood function of θ given x is

 As a prior distribution, consider the beta distribution:

where

α and β are called prior hyperparameters (cf, the model parameter θ).



9/25/2013 Copyright Hisashi Kobayashi 2013 13



9/25/2013

Copyright Hisashi Kobayashi 2013 14

(b)

Note: The rightmost curve corresponds to (5, 2)



9/25/2013 Copyright Hisashi Kobayashi 2013 15

 The beta function is related to the gamma function (see (4.31) of p. 78)

 The mean and variance of this prior distribution are

 The posterior probability can be evaluated as

 Thus, the posterior probability is also a beta distribution Beta(θ; α1, β1),



9/25/2013 Copyright Hisashi Kobayashi 2013 16

where we call α1 and β1 the posterior hyperparameters, and 

is the maximum likelihood estimate (MLE) of θ, which is the value that 
maximizes the likelihood function Lx(θ) of (4.139).

 As the sample size n increases, the weight on the prior means diminishes, 
whereas the weight on the MLE approaches one.  This behavior illustrates 
how Bayesian inference generally works.

 For a likelihood function that belongs to the exponential family, i.e.,

conjugate priors can be constructed as follows:

then the posterior distribution takes the form 

i.e., α1 = α + T(x), and β1 =1+ β.
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5 Functions of Random Variables
and Their Distributions
5.1 Functions of One Random Variable
Consider Y=g(X), where X is a RV and g(·) is a mapping from R to R. 
Then Y is also a RV with

where

Then

where
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Example 4.2  Square law detector.

Consider  Y=g(X)=X2.  Then  

By differentiating this,

An alternative way to derive the above PDF:    Note that y=x2 has two solutions 
x1= and x2= -

Then,
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 Generalization of the previous example:

Suppose that for given y, y=g(x) has multiple solutions  x1, x2,…, xm, where the 
number of solutions, m, depends on y.  So we write it as m(y).

If g(x) is continuous at all these m(y) points, then
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Let    

Then

where

Example 5.3:  Sum of two RVs:

Consider  Z=X+Y.  Then  

We can represent

where
={(X, Y): y<Y<y+dy, --- ∞<X<z-y}

is a horizontal strip of width dy.
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Thus,
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Consider Leibniz’s rule (5.94):  

Then

Thus,
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 If X and Y are independent,

then
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Assume that g(x, y) and h(x, y) are continuous and differentiable functions.  Given 
(U, V)=(u,v), there are multiple solutions (X,Y)=(xi, yi), i=1, 2, …, m such that

Let the inverse mapping be
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Note:  In the above figure (a) B’, C’ and D’ should be labeled as B, D and C, respectively.  In 
(b),  C’ and D’ should be labeled as D’ and C’, respectively.
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The probability that (U, V) falls in the rectangular ABCD:

where 

=

is the area A’B’C’D’.

Recall the formula (Problem 5.17) for the area S of a triangular defined by (x1, y1) , (x2, 
y2) and (x3, y3) 

Then
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Define the Jacobian matrix of the mapping pi(u, v) and qi(u, v): 

Then

The determinant det J is called the Jacobian or Jacobian determinant. If we 
define the Jacobian matrix of the original mapping by

then
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Example 5.6:  Two linear transformations.

g(X, Y)=aX +bY and   h(X, Y)= cX + dY ,    (ad-bc≠ 0)

Thus,

where
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 Consider a special case, a=b=c=1 and d=0, i.e.,
U=X + Y and V=X.  Then

 If we set  a=b=d=1 and c=0, i.e., U=X+Y and V=Y.  Then


