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4.3 Joint and Conditional Probability Density Functions

% If Fy(x, y) is everywhere continuous and possesses a second partial derivative
everywhere, we define the joint PDF by

o P Fxyv(z.y)
vz, y) = — 4.92)
fxv(z,y) dxdy (
T i
Fxv(z,y)= / [ fxv(u,v)dudov. (4.93)
** The conditional distribution function of RV Y, given X=x, is
. ,
, C fxv(x,v)du
Fy x (ylz) = J oo fxv (@, v) dv (4.101)
" fx(x)
iy
-F'I" e |:{4'|.!:| — [ ‘Ir:"-'-‘": (v .i!':l du. I:':'I- 103
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** The conditional expectation of X given Y is defined by

E[X|Y] £ 4(Y), (4.104)

where

(y) = EX|Y =y = / zfxy (z|y)dz. (4.105)

of — 00

** The law of iterated expectations holds:
E[EX|Y]] = E[X]. (4.106)

*» The conditional expectation is the best estimate of X as a function of Y in
the minimum mean square error (MMSE) sense (see Section 22.1.3, pp.
649-651)
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4.3.1 Bivariate normal (or Gaussian) distribution
The standard bivariate normal distribution is defined by

@pl i1, ua) 2

1 ]- P ] 2
, — eXp 4 ————5-(u] — 2pujus +u }}.
2my/ (1 - p7) { 2(1—p%) .

p= Cov[lUy,Us] = / / uuad,(uy, ua) duy dus,
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Figure 4.7 (a) The standard bivariate normal distribution ¢, (u,, u2) of (4.108) with p = —0.75.
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“* When p=0, the RVs U, and U, are said to be uncorrelated and

. 1 2 1 2 .
Poluy, ug) = vap{—%‘} m—_i‘xIJ{—t—‘}}=r3‘-*[-!.!|]|__*-'a|:u-_:j. (4.110)

T W oL

** Thus, the bivariate normal variables are independent when they are
uncorrelated. (Two uncorrelated RVs are not necessarily independent, unless
they are normal RVs.)

%* The conditional PDF of U, given U,;=u, can be computed as

f [ j Oplwy, ua) 1 { (wa — pu )2 } @.111)
ralirs (U2 lug) = — — exXp { — - . :
7|t | gl ) v 2m(1 — p?) ! 2(1 — p?)

which is also a normal distribution, with mean pu,and variance 1-p2.
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“* Define RVs X; and X, by

Xi—m Xo — a2

Uy = — and Us = (4.112)
T o
Then the joint PDF of X; and X, is
_ . 1 (x1.x9)
Fx, xq(x1,22) = Y g exp {_T} (4.113)
where
1 2 1 F'II— 3 { - 2
Q(z1,22) = —— [(““ “‘) _ 2, (}” “‘) (k" “')+ (‘1{2 “2) ] (4114
l—p 7 1 p. o2
% Adopt a vector notation: y = Hl] (4.115)
L
Then
1 AP T .
fx(z)= In]deL O exp y —5 (T — p) C e — ), (4.116)
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where Cis the covariance matrix, given by

2
C = {;'g P“:;'f?},_ (4.117)
102 03
and . .
det C| = o}oa(1 — p7). (4.118)
C.'r_] _ 1 Grg — 109 _ 1 ;I';f _-!Tj-:l'g {4 119}
etC'| | —poyoa (T — — — ' .
IiC A .
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4.4 Exponential Family of Distributions

A family of PDFs (or PMFs) of the form

fx(x:8) = hi{x) L“}C[}{F}TIIH::IT[J‘:} — A(8)}, (4.126)

is called an exponential family. The function T(x) is called the sufficient statistic.

fx(z:m) = h(z)exp{n ' T(z) — A(n)}. (4.127)

is called the canonical (or natural) exponential family.

s The exponential family of distributions includes the exponential,
gamma, normal, Poisson, binomial distributions, etc.
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Example 4.3: Normal distribution. Consider a normal RV X ~ N{u, o7). With & = (. 7) we
write the PDF of each sample z; (i =1,2,...) as

2ma -
1 r? T p?

_ i S —1 =1,2,...,n.
xfﬁﬂ:p( Eu:r':’+ ) 53 ﬂgcr), 1 y & , T

As in the previous example, we can present the normal distribution in the canonical exponential

family form by identifying
rll T}Z E}.II!_ 1 T 1

. 1 u?
h{l}= E _4{?}}: Fﬂ—lﬂgﬂ'
We can write the original parameter as 6 = (p, o), where 4 = 22 and o° = . Hence,
2
ny  logm
Aln) = 2 _ .
(m) 5 5
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4.5 Bayesian Inference and Conjugate Priors

¢ Suppose that an observed sample X is drawn from a certain family of
distributions specified by parameter 0.

* The Bayesian treats this parameter as a RV ©, which is assigned a prior PDF
n(8)=f,(6).

s If RV X is a discrete RV, we have from Bayes’ theorem (2.63)

_ plx|@)w(0)

w(0]z) plx)

(4.133)

where p(z) = ¥, p(z|)m(0). plzx) = [, p(x]|0)m(8)d6.

+ If the RV Xis a continuous RV,

w(0)r) = L&) (4.134)
‘ flx)

where f(x) = [, f(z|@)x(8) df. f(z) = X, f(z|0)m(0)
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*¢ The conditional PDF f(x|0) is called the likelihood function, when it is
viewed as a function of 0 with given x, and is denoted as

L (8) = f(x|#) or L.(#)=p(z|d), (4.135)

¢ Then the posterior distribution can be written as
m(8|x) oc Lo (8)w(8). (4.137)

¢ For certain choices of the prior distribution, the posterior distribution
has the same mathematical form as the prior distribution. Such prior
distribution is called a conjugate prior (distribution) of the given
likelihood function.
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Example 4.4: The Bernoulli distribution and its conjugate prior, the
beta distribution

*»* Write the probability of success as 6 (instead of p).

* Define the binary variable X. which takes on 1 or 0, depending on the jth trial
is a success (s) or failure (f).

% Then, we can write plx;|f) = 87 (1 — §)1 =

<+ For nindependent trials we observe the data = (21, To. ... .- )

The likelihood function of 6 given x is
Lo(0) = p(x|8) = [ [ p(a:10) = [ [ 0= (1 — 6)"—=

= i (] — )i (4.139)

** As a prior distribution, consider the beta distribution:

’ _ X En—l ]__E'-'f—]
m(f) = Beta(#; o, 3) = [, .,.J
- BIL(:..‘:IJ

L, 0<8<], =0 8=0, (4.140)

where - ;
B(a, 7) = / g1 — 8yt de (4.141)
Jo

a and [ are called prior hyperparameters (cf, the model parameter 0).
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Figure 4.8 The PDF of beta distribution Beta(#; o, 3) of (4.140) for (a) &« = 5 = 0.5,1.0,5 and 10;
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Figure 4.8 The PDF of beta distribution Beta(#; o, 3) of (4.140) for
(b) (e, 3)=1(1,2),(1,4),(1,10),(10,5) and (5, 2).

Note: The rightmost curve corresponds to (5, 2)
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** The beta function is related to the gamma function (see (4.31) of p. 78)

e)T(F)

Bla,f)= —
@ B) ' + 3)

(4.142)

** The mean and variance of this prior distribution are

¥ ] 3
., and Var|®| = - —— . )
o+ 3 and Var[©) e+ B8P e+ 5+1)

L

E[6] = (4.143)

** The posterior probability can be evaluated as

m(f|x) o plx|@)w(f) x oL 1 Z4(] gy i1 ziga-l(] _ g)B-1

nc Glot g -1 [1 _ E::,'-rﬂ‘F”—E? y ®1)—1 (4.144)

¢ Thus, the posterior probability is also a beta distribution Beta(6; o, B,),

i, and §1=F+n—) (4.145)

i=1 i=1

¥ + 3 ]
ElOa] = [ 2 T 4 . )a—
a+0+n) a+p a+ 04 mn

a3 _ n . | |
B ElS brL (), 4.146
(..r_r-|-_.-'j‘_|_ﬂ) O]+ (-!'.1'—|—ﬂ—|-ﬂ) MLE(®) ( )

f] = x +
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where we call a, and B, the posterior hyperparameters, and

& Tl +IT2+ ...+ Tn
Tt

OuLelx) =T,

is the maximum likelihood estimate (MLE) of 6, which is the value that
maximizes the likelihood function L,(0) of (4.139).

s As the sample size n increases, the weight on the prior means diminishes,
whereas the weight on the MLE approaches one. This behavior illustrates
how Bayesian inference generally works.

¢ For a likelihood function that belongs to the exponential family, i.e.,

L.(8)=h(z)exp{n'(8)T(x) — A(8)}, (4.147)
conjugate priors can be constructed as follows:
f(8;ax, B) o exp{n' () — SA(6)}, (4.148)
then the posterior distribution takes the form

fl8|x; e, 3) ¢ (*:-:]}{-:_;T (B)[ae + T'(x)] — (14 3)A(8)}, (4.149)

i.e., o, = a+ T(x), and B, =1+ B.
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5 Functions of Random Variables
and Their Distributions

5.1 Functions of One Random Variable
Consider Y=g(X), where Xis a RV and g(:) is a mapping from R to R.

Then Y is also a RV with
Fy(y) =PlY <y|=Plg(X) <y

= P[X € D,],
where
D, ={z: g(z) <y}
Then
vy =/. HxeD,)fx(x)da
where

e 1, if Ais true;
14)= {E}. otherwise.
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(3.3)
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(3.3)
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Example 4.2 Square law detector.
Consider Y=g(X)=X2. Then D, = (=T /U |
Fy(y)=PX*:<y|=P-\H <X < ] = Fx () — Fx (=) fory = 0. (5.11)
By differentiating this,

f}f':m—?[f‘-. V) + fx (=)l

(3.12)

An alternative way to derive the above PDF: Note that y=x? has two solutions

X= /7 andXx,=-,/7

Then,
Ply<Y <y+dy|=Plr1 <X <z1+8x| +Plrat+dmn <X <z (5.13)
fr(y)dy = fx(z1)dx) + fx(z2)(—dxa). (5.14)
friy) =220, Sx(z) (5.15)
glr1) —g'lza)

Copyright Hisashi Kobayashi 2013
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Figure 5.1 The nonlinear function ¥ = X? and mapping of the interval (v, v + dy) into the two
disjoint intervals (ry, ry + dxy) and (zrs + dxy, ¥a) (dza < 0).
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*»* Generalization of the previous example:

Suppose that for given y, y=g(x) has multiple solutions xy, x,,..., X,,, where the

number of solutions, m, depends on y. So we write it as m(y).

=g (y), i

1.2, ..., mly),

If g(x) is continuous at all these m(y) points, then

9/25/2013

Fv ()

m(y)
N
A

Fx ()

Ir,"[.a'! |
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5.2 Function of Two Random Variables

Let I -
Z = g(X,Y). (5.18)
Then
Fyz(z) = Plg(X,Y) < z] = P[(X,Y) € D.]
=fffli{r-y}E'D_-}f.wlir-y]ffrdy- (5.19)
where
D, ={lx.y): glz,y) < z}, (35.200)

Example 5.3: Sum of two RVs:

Consider Z=X+Y. Then D.={(X.YV): X +V <2z}
We can represent D: =) scyex Hy.

where
Hy ={(X, Y): y<Y<y+dy, - oo<X<z-y}

is a horizontal strip of width dy.

9/25/2013 Copyright Hisashi Kobayashi 2013
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Figure 5.2 The region . = {{X.Y): X +Y < z} and a horizontal strip of width dy extending
horizontally over the interval {—oo < X < 2 — y}.

Thus, ey
Fate) = [ [ 164y <2)ixv (o) dady = [ [ [ m-{r,y}dr] dy  (521)

o) = [ g [ ixevieg)da| ay 5:22)
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Consider Leibniz’s rule (5.94):

d bz} B{z) .EI
— [ bz, y)dy = h{z, b(z))'(z) — k(z,a(z))a'(z) + [ E—h[” y) dy. (5.04)
afz) &
Then
.ii' i |
[ fxviz.y)de = fxv(z —w.4)-1— fxy(—oc,y) -0+ f %d
= fxvlz —u,y) (5.23)
Thus,
fz(z) = [ Fxv(z—y,y)dy (5.24)
fz(z) = [ fxv(zx,z — x)dz. (5.25)
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s If Xand Y are independent,

then

9/25/2013

fxv(z,y) = fx (=) fy(y),

fz(z) = f fxiz—ylfyly)dy = [ _fx () fy(z — x)dx.

fzl(z) = fx(z)® fv(=).

Fz(z) = [ Fx(z—y) ffFr[y}=f Fy(z — r) dFx(x),

Fz(z)= Fx(z)® fy(z) = fx(z) ® Fy(z).

Copyright Hisashi Kobayashi 2013

(3.26)

(3.27)
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5.3 Two Functions of Two Random Variables and the Jacobian
Matrix

U=g(X,Y).and V = h({X,Y). (3.38)
Dyw={(x,y): glz,y) <u,hiz,y) < v} (3.39)
Fyv(u,v) = Plg(X,Y) < u,h(X,Y) € v] = P[(X.Y) € Dy,
- [ [1@v) € Dusfxy w,y) o, (5.40)
Assume that g(x, y) and h(x, y) are continuous and differentiable functions. Given

(U, V)=(u,v), there are multiple solutions (X,Y)=(x, y.), i=1, 2, ..., m such that
u=gl(r,y), andv = h(x,y), i=1,2,..., . (3.41)

Let the inverse mapping be

Ty = pglu,v), and yy = qyu, v). (5.42)
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Figure 5.4 (a) The rectangle A BC I} at {u,v) in the [7-V plane; (b} the i-th parallelogram A'B'C" [
at (x., ) inthe X-Y plane, where =, = pi(u, v) and 4 = qu(u, v).

A=(u,mv) —+ A" = (2, 14);

B = (u+ du,v) —+ B =z + I.jipr{u. v)du, py + %qr[u,il}ﬁuj;
C' = (u, v+ dv) =+ C" = (2 + %pr[u. v)dv, y 4 5o 0i(w, v)dv) ;
D={u+duv+ov) 2 D=C+ (B -A").

(5.43)

Note: Inthe above figure (a) B/, C’ and D’ should be labeled as B, D and C, respectively. In
(b), C’ and D’ should be labeled as D’ and C’, respectively.
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The probability that (U, V) falls in the rectangular ABCD:

Plu<U<u+du,v <V <v+bv] = fov(u,v)dudy, (5.44)
i

=Y Fxv(zem)A, (5.45)
i=1

where A, isthe area A'B'C’'D’.

Recall the formula (Problem 5.17) for the area S of a triangular defined by (x,, y;) , (x,,

y,) and (X3, y;)
? >3 [1 1 1]
1
5= E{let T| Ta T

B Y1 Y2 i3

. (3.46)

Then

ﬁ 1 -ﬁpg[u,iljﬁu %p;{u: 1.‘}5u”
2 | pp e, v)du -é;qg[u_,tl]ﬁtl

1 (2o o) Lolu v
~ |7 det | V) f?‘.f}'ﬁ“[.“’“-”]auar‘_ (5.48)
29t | 2 ge(,v) ()
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Define the Jacobian matrix of the mapping p,(u, v) and g,(u, v):

~ -'_]1-_-

ap;

() [& &]
" | I'r.\J

Then

P
! |—E J
fuv(u,v (-u-!

)

<
LA
[t

Ixv(Te, yr), (3.

The determinant det J is called the Jacobian or Jacobian determinant. If we
define the Jacobian matrix of the original mapping by

]

g. h Br
(2) - [
ﬁl-l.; !l-:lﬂl-

then

g
gt
f_'rIF.! i
My

1
()b ()
u, v T,y

Copyright Hisashi Kobayashi 2013
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Example 5.6: Two linear transformations.

g(X, Y)=aX+bY and h(X,Y)=cX+dY, (ad-bcz0)

(4 5]
[iaﬂ - ﬁ [_df ﬂ m ' (5.57)

Thus,

pr(u, v) = %[ﬂ".u — b)), and qq(w, v) = %[—m + av), (5.58)
where
A = ad — be. (5.59)
foviu,v) = ‘J (PL?]) fxy(zi,m)
— |A| fxy (A YWedu — bv), A —cu + av)) . (5.62)

9/25/2013 Copyright Hisashi Kobayashi 2013 29



¢ Consider a special case, a=b=c=1 and d=0, i.e.,
U=X + Y and V=X. Then

foviu,v)=|—1|fxy(v,u—v) (5.64)
forlu) = f fxyv(v,u—v)duv, (5.65)

s If we set a=b=d=1 and c=0, i.e., U=X+Y and V=Y. Then
fovi(u,v) = fxy(u —v,v), (5.66)

forlu) = f fxy(u—v,v)dr, (5.67)
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