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Estimation Theory: Preliminary

18.1 Parameter Estimation

We consider random variable (RV) X with probability distributions F'(x;@) with parameter 6,

The value of parameter @ 1s unknown and we want to estimate it from observations
r= (1, Ta,...xy) €X

drawn from the distribution F'(z;6). We want to find a function 7(-) such that

-~

@ = T'(x) 1s as close to @ as possible.
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Definition 18.1 (Unbiasedness, efficiency and consistency of an estimator).

1. An estimator @(X) is said to be unbiased, if E[0(X)| = 6; otherwise, it is called biased. The
bias is defined as

b(0) = E[0(X)] — 6. (18.1)

~ K

2. An unbiased estimator @ (X)) is said to be efficient, if it is a minimum-variance estimator, that

Ak - A

is, Var[@ (X )| < Var|0(X)] for any other unbiased estimator 6(X).
3. A sequence of estimators is said to be consistent, if the sequence converges in probability to 6.1

Definition 18.2 (Sufficient statistic). A staristic T'(X') is said to be sufficient for parameter 0, if

the conditional probability density (or mass) function of X, given T'(X ) = t, does not depend on
6. [

This means that, given T'(x) = t, full knowledge of the measurement & does not bring any addi-

tional information concerning 6.
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18.1.2 Maximum-Likelihood Estimation

(18.24)

L,(0)2 fx(x;8), forcontinous RV X,
" px(x:0), fordiscrete RV X.

1s called the likelihood function: Any value of @ that maximizes the likelihood

function is called a maximum-likelihood estimate (MLE),

0 = arg 11151}{L-m(9). (18.25)

The procedure to find an MLE is called maximume-likelihood estimation.

[ the likelihood function 1s differentiable with respect to its parameter,
a necessary condition for an MLE to satisfy is
0L (0)

Vel (0) =0, ie., 50 =0, m=1.,2,...,M. (18.26)
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Jlog Ly (6)

0. =0, m=12..., M. (18.27)

The function log L, (@) is called the log-likelihood function,

06, ' Ay ol

INog Ly (8) 9log Ly (0 INog Lo (0)\ "
s(x:0) = Vglog L,(0) 2 (c 0g Lo(0) Jlog Ly (0) D10g L ))

1s called the score function. (18.28)

s(z:0) = s(x;0y) + Vegs' (x:00)(0 —0y) +r(x:0),

Then by setting the above equation equal to zero, we find that (0

0~ 80, — [VQST(:I;; 90)]_1 s(x;6p)
=0 — H *(x:00)s(x:6)). (18.30)
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where

9% log L. (0
H(x:00) £ Vgs' (x:00) = VeV log Ly (0y) = 08 - (00)
00:00; | arem
is the Hessian matrix of log L, (6) evaluated at 8 = 6. (18.31)
J(x:00) = —H(x:0y) (18.32)

1s called the observed Fisher information matrix.

The maximum-likelihood estimate (MLE), 1f it gives a global maxi-
mum of L, (@), can be written as

0~ 0+ J(x:00) ‘s(x:6y). (18.33)

[t 1s easy to show that
E[s(X:60) = 0. (18.34)
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Z,(00) = E[T(X;6) (18.35)

1s called the Fisher information matrix.

Example 18.3: Maximum-likelihood estimate of & = (2, o?) of a normal distribution.

N (p,0?), where both mean and variance are unknown,

By setting @ = (1, 0?). we have the likelihood function

Lo(0) = f(2:60) = —— exp (—Ell(mi - ‘”’)2> .

(2mo2)2 202

log L,(0) = —w —nlogo — ﬁ ;(:Ei — )2

T

1 o, | 11 .
2 Z;,l.ﬂ‘z' —p)=0, and —NT 4 pc Z{.rz — u)* =0,
=

i=1
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H(w:00) =~ |

0* = (u*,0%") of (18.36) is a global maximum point, hence it is the MLE g,
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18.1.3 Crameér-Rao Lower Bound

Cramér-Rao lower bound (CRLB) or Cramér-Rao inequality:

E[(6

—0)%] 2

11+'(0)
= Z.(0)

where b(f) = E[H(X)] — @ is the bias of the estimator

Iﬂm:—E[

is the Fisher information

9% log L, (0)
062

(18.40)

(18.41)

The CRLB (18.40) can be derived from the Cauchy-Schwarz inequality

For an unbiased estimator 9 the numerator of the RHS of (18.40) is unity,
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A generalization to the estimation of multiple parameters &
Theorem 18.2 (Cramér-Rao Lower Bound (CRLB)). Ler 9(;1:) be any unbiased estimator of
6. Then the following properties hold.

1. The variance matrix of 8(X) is bounded from below by the inverse of the Fisher information
matrrix:

Var[6(X)] = E [(é(X) —0)O(X)—0)"| =T (0). (18.42)

2. The lower bound is attained, if and only r}‘é(X) satisfies the following equation
s(X:0)=TZ(0)(0(X)—8), (18.43)
where s(X;0) is defined by (18.28).

Proof. 1. First, consider the following simple formula for matrix variances and covariances:

Var[A — B] = Var[A] + Var[B| — Cov[A, B] — Cov[B, A] = 0, (18.44)

By setting A = (X ) and B = Z_"s(X). where for notational brevity
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s(X;0) =Veglog fx(X;8),

V]
P
.
S
1>

Var[8(X) — T.'s(X)] = Var[0(X)] + T, Var[s(X)]|Z,!

— Cov[B(X),s(X)|ZT' — I 'Cov[s(X),8(X)] > 0. (18.45)
Using formulas | (18.112) | (18.113) and (18.115) proved in Problem 18.4
E[s(X;0)] = 0. (18.112)
E[s(X;6)s'(X;0)] = |T,(0) (18.113)
Cov[s(X.,0),0] = Cov[f,s(X,0)] = 1. (18.115)
we find
Var[s(X)] = Z,, and Cov[f(X), s(X)] = Cov[s(X),0(X)] =1, (18.46)
Var[8(X) — T;'s(X)] = Var[d(X)] — Z;' > 0. (18.47)

11
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2. The equality in the above holds if and only if
0(X) - E[0(X)] = I, (s(X) — E[s(X))).
Since 8(X ) is an unbiased estimator, and E[s(X)] = 0(see (18.113)). we have
0(X)-—0=T_.'s(X),

which implies the vector equation (18.43).
]

Furthermore, we can show that such é*(X) that satisfies the CRLB 1s a sufficient statistic for
estimating @ (Problem 18.7).

Recall that the minimum variance unbiased estimator (MVUE) that attains the the CRLB 1s
called efficient as defined in Definition 18.1.
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Example 18.5: The Normal Distribution NV (g, 1).

The variance of the sum of n 1.1.d. RV’s 1s n times the variance of one RV. Thus, the variance of
1 n o
7 Dai=1 Xi» 18
_ 1 1
Var [X] = —nVar[X;]| = —,
T TL

which is the LHS of the Cramér-Rao inequality.

Since the log likelihood function 1s given by

T . 2
Ei:l(lt -‘U*) . E log(‘Z?T],

log fx (3 ) = —2==1 5
we have
dlog fx(z;p) + (18.48
= ry o— = — ’ J
o E (x; —p) =n(X — p).

i=1
Ta(p) = 3 iy Lz, (p) = n, where

T..(n) = B[(X —p)*)] =1
Thus, the CRLB for any statistic T'(z) is L' (x) = +. as expected.
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Asymptotic unbiasedness, efficiency and normality of the MLE

Recall that the MLE satisfies (18.33)
0 ~ 0+ T (x:600) 's(x:6p). (18.33)

The “a" becomes “="_asn — oo, where n is the size of the data

x=(ry,29,...,2,)
Since the expected value of the score function is zero, the MLE is asymptotically unbiased, 1.e.,

lim E[6(x,)] =6,
T— 00

From (18.33) we also see that

Var(f] ~ E [H (X ,;0)5(X,.;0)s (X ,;0)H (X ,.;0)]
~I,(0)I,, (0)T,.(0)=T,.(6), (18.49)

which 1s the CRLB. where
X'.I"L é X — (X].!Xz: e 1Xﬂ)‘

Therefore, the MLE 6(z,,) is asymptotically efficient.
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In deriving the above result we used

E[s(X,:0)s (X ,;:0)] = ET(Xn:0)]|=T,, (68) (see (18.113) of Problem 18.4).

and the law-of-large-number argument H (X ,;0)=—-J(X,:0) ~ —Iz,(0).

If the data =1, x2, . ...z, are i.i.d. samples taken from a common distribution f(xz; 8). i.e.,

fx(x:0) =] f(z:;0).
i=1

the asymptotic variance of the MLE (18.49) becomes

Var[d] ~ 11;1(9), (18.50)
T
where Z,.(0) = 1Z,, ()
0% log f(x;0) Olog f(x:0) dlog f(x:0) (18.51
_— — . frd : : - J
Z(6) E [ 06,00 } E [ 00, 00 ’
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For i.i.d. samples

s(X:0)=Ve Zlﬂgf(Xi;Q) . (18.52)
i=1

Thus, from the central limit theorem, the summed term converges in distribution

to a normal random Variable.

the score function s(X ; ) converges in distribution to a normal random vector

with mean zero.

Thus, the MLE 6 (of (18.33)) is an asymptotically normal random vector with mean 6.
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18.4" Properties of the score function and the observed Fisher information matrix.

Shown below are the solutions to Problem 18.4 found at
www.cambridge.org/kobayashi

(a)  For any statistic T'(x; 0)
E[s(X;0)T7(X:0)] = VoE [T (X;0)] - E [VoT™(X;60)] . (18.111)
Proof:
Taking the gradient with respect to 6 of E[T (X, 0)] = [, f(z,0)T (x,0)dx

VeE[T'(X,0)] = ff(m,e)(vﬂT‘(m,&ndm+ /('\?gf(m.ﬂj}TT{m._ 0)dz (1)

of I8

s(2,8) = Vg log f(x,0) = vj?ffaf )
VeE[TT(X,0)] = E[VeT (X,0)] + E[s(X,0)T" (X,8)] 2)
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(b) The score function has zero mean:

E[s(X;0)] = 0. (18.112)
Proof:

Start with (18.111)
E [s(X; 0T (X 9)] = VeF [T_(X; 9)] —F [‘G’HTT(X; 9}] .
Set T(x;0) = 1. Then we obtain (18.112)

Alternatively. we can derive the formula directly,
(assuming a single parameter)

_ [ log fx (=) . [ Ofx(x:8)
LHS_I/ 5 fx{_.;,.ﬁ}dm_f L

'8 il
_ Y 0) de = = = 0.
aﬂffx(il‘. ) da 56
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(c) The variance matrix of the score function is equal to the Fisher information matrix
E[s(X;6)s"(X;0)] = Z(8). (18.113)
when 6 is one-dimensional parameter,

5 (:‘jlang(H))?] _ [ai’long(e)]_ (18114

a0 062

Proof:
Substitute T'(X:0) = s(X;8) in (18.111).

E[s(X;6)T(X;60)] = VoE [T (X;6)] — E [VoT7(X;86)].

LHS= FE [s(X;0)s'(X;6)]

RHS= 0 —E [Vy s"(X;6)] = — E[H(x;8)] = Z(0).
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When 6 1s a one-dimensional parameter,

) 2
the LHS of (18.113) is E[s(x:0)?] = E[(lﬂggﬁﬂ) ]

and the RHS is Z(0) = — B | Z1g2x(@) |

Hence,

E

dlog L, (0)\*| _ 9?log L (6)
( - )]_E[ 7 ] (18.114)
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(d)  The covariance of the score function s(X, @) with any unbiased estimator 8 of @ is

equal to the identity matrix.

Cov|[s(X,8),0] = Cov[f, s(X,0)] = 1. (18.115)

Proof:
Denote as T'(a, 8) = & — 6. Since 6 is unbiased, E[T ' (, 8)] = 0.

Vel (2.0) = —Vg8' = 1.
Thus, equation (18.111) can be written as

E[s(X.,0)(0—8)"] = Cov[s(X.,0),0) =1I.

Since [jm’[é,-?{x-ﬂ}l — {Cnv[s[x,ﬂ}._é]}‘r

Cov[s(X,8),0) = Cov]d, s(X,0)] = I.
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Cov[s(X,0),0] = Cov]f, s(X,0)] = I. (18.115)

An alternative proof: Since Vg log fx (@;68) has zero mean, it suffices to show

[ fx(a:0)Va10g fx(:0) (dx) - 0) de =1

The unbiasedness of 8(X ) gives,
[.fx(m:ﬂliél[m] — @)dx =0.

By applying Vg to the above, and using the formula

v 1)
Vglog fx(x:0) = ?iﬂ:% 'ﬁﬁ

we can obtain the required result.
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18.3 Bayesian Estimation and Decision Theory

Thus far we have assumed that the parameter 6 is unknown but fixed.
In some cases, however, it may be more appropriate to treat the
parameter as a random variable © with the prior probability distribution (6 )

The Bayes’ risk:

C(8.6). The cost associated with assigning an estimate 6 to the parameter
when its true value 1s #
for example, C(6.6) = f(||6@ —6])).

The Bayes Risk: The expected cost or risk we incur by using the estimate:

R(6(x)|6) = / C(6,0)f(x|0)dr, (18.90)

O
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The overall expected cost or risk per estimation

Rié(:ﬂ}):Z m(0) R(6(x)|0)

_ Z/ 0)C(0.0)(x) f (x|0) da (18.91)
flx) =) =(0)f(x6), (18.92)
e
 w(0)f(x]6) (18.93)
m(0|z) = N

The conditional risk R(6)x)

R(8|x) = Zr:[ea (0)x)

_ — 7(0)C(0,6)f(x]6) (18.94)
2 flz) |

g
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The overall expected risk (18.91)

Rl(z)) = /R{éhﬂ}f{:ﬂ}d:ﬁ. (18.95)

i

Bayes® estimator

- & . -

6 (r)=arg | min | R(6|x). (18.96)
&

If the parameter RV © is a continuous RV, the Bayes™ estimator 0" () can be found

by solving the equation

VeR(6|x) = 0. (18.97)
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Maximum a posteriori probability (MAP) estimation:

When no cost function is available, we may set

0 if 8 =8,

- 18.98
I if #6. (18.98)

C(0,0)=1—165,= {

Then the conditional risk becomes

- m(0)[1 — 4, 0
R(x) =Y Sl f{i,f]f{:ﬂl )

a

= T(0)f(x]0)  (6)f(x])
—2 f(x) f(z)

=1—n(8|z), (18.99)

Then the Bayes estimator (18.96) reduces to

the maximum a posteriori probability (MAP) estimator.

o e

A (x)= argmiaxﬁr{m:ﬂ}. (18.100)
-
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Note that due to the Bayes™ formula

(0lz) — L=(0) 18.101
(8|x) (@) ( )
é*{m} = argmax log Lo(0) + log 7(8)]. (18.102)

the MLE is a special case of the MAP estimate when the parameter
is not random or the prior distribution of the parameter is uniform.
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Example 18.7: Estimation of binary signal.
X=04+27

PO =+Al=pand PO =-Al=qg=1—p,

Minimizing the probability of error is equivalent to minimizing
the average risk under the cost function (18.98).

Thus, the optimum estimator should be the MAP estimator,

g _ [ A i pex(+A]z) > peix (—-Al). (18.103)
—A. otherwise. .
e oAl (-4) _
g _ ) T4 i Alz) 2 Pe(tA) = 5’ (18.104)
—A. otherwise.
where
- fxjelz|+A) |
Alr) — A (18.105)

is the likelihood ratio function.
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Since the PDF of the additive noise 1s

falz) = ——exp - —)

we can readily compute

72

A(z) fz(x —A) _ exp (Mi)

fz(z + A)

G _ | A 2> grlogd,
—A, otherwise.
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19 Estimation Algorithms

19.1 Classical Numerical Methods for Estimation

19.1.1  Method of Moments

Although the method of moments in general does not provide an efficient (1.e., minimum-variance
unbiased) estimate, this method is often used in practice. Sometimes the estimates obtained by the
method of moments can be used as a good initial approximation for iterative methods such as the
Newton-Raphson method and the EM algorithm to be discussed in the following sections.

19.1.2 Minimum Chi-Square Estimation Method
Let the sample space A of a RV X be partitioned into r disjoint regions:
X =&, and Xi( )X =0, i #],
i=1

and let

pi(0) = P[IX =z €T 8.
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The minimum x? estimate of @ based on the grouped datan = (ny,na,...,n,)

-

6 = arg mﬂin 2(n:0),

where x2(n; 0) is a chi-square statistic for the grouped data n defined by

T 2 r 2
2(p: ) 2 (n; —np;(0)) _ ny _ (19.3)
02> Tl @

This method 1s similar to the well-known minimum mean square error (MMSE) method of fitting
parametric distributions. Indeed, an iterative MMSE algorithm can be used to obtain a series of
estimates according to

) r - np:(0))2 .
Brst = argmin 3 PO (194
6 i=1 np(vi;gk)
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19.1.3  Minimum Kullback-Leibler Divergence Method

Let f = f(«) and g = g(x) be two arbitrary PDFs.
The Kullback-Leibler divergence (KLD)

D(fllg) & E; [log /

f(X) f(x) |
X)] Z/f(&?)l@g (@) d. (19.5)

D(fllg) =0, (19.6)
where equality holds when f(x) = g(a) almost everywhere.

Similar to the x?(8) statistic, the KLD can be used for fitting a distribution to the grouped data.
The KLD between the probabilities p(6) = {p;(€)} and corresponding relative frequencies

J= {fi} from measured data, where

(fllp(8)) Z filog (19.7)

(9}'
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The minimum KLD estimate is found by minimizing the KLD with respect to 8

or, equivalently, the information criterion introduced by Kullback

I(n:0) 2 nD(f||p(6)) Zntlog(np )) (19.8)

This equation can be rewritten as

(n; 8) an log(n;/n) — £(n;8), (19.9)

where

T

l(n;0) = Z n; log p; (6)

=1

is the log-likelihood for the grouped data.
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19.1.4 Newton-Raphson Algorithm for Maximum-Likelihood Estimation

In Section 18.1.2 we defined the score function s(x;8) = Vg log L, (6)

and the MLE @ is a solution of s(a; é) = 0.

dlog L, (6)
aaﬂ'l

The Newton-Raphson algorithm is a generalization of the Newton’s tangent method

S (3 0) =

=0, form=12 ..., M. (19.12)

The algorithm is based on the Taylor expansion of the score function (18.29),

s(xz;0) = s(x;00) + Ves ' (:600)(0 — 6y) + r(x:0), (18.29)
which we can rewrite

s(x:0) = s(x;0P)) — T (x;0P)(6 — 6P)), (19.13)

where J(x;8q) isthe observed Fisher information matrix:

J(x;600) = —H(x;00) (18.32)
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s(x:0) ~ s(x:0P)) — T (x:0%))(6 — 6P)), (19.13)

where 8 is an approximate estimate of a likelihood stationary point, which is defined

as a solution of (19.12). obtained after p iterations.

Then the MLE, which is the root of the (19.12), can be approximated by the root of

s(z;0®) — J(x:0%)) (8 —6P) = 0. (19.14)

Denoting the root of this equation as eP Y

grt1) _ g(p) +J—1(m;g{P})S(I;9(P])__ p=01.2.... (19.15)
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Algorithm 19.1 Newton-Raphson Algorithm

. Select the initial value ) and set the iteration number p = 0.

. Assume the p-th estimate oP).
. Find

fhd P =

0Pt = ) L 712 0P))s(x;0P)).

4: If any of the stopping conditions is met, go to step 5. Otherwise. replace 8®) by 8(Pt1)  set
p + p + 1, and repeat the Steps 2 through 4.

. Output 0" as an approximate MLE. J ! (a; 9{3"')) as an approximate Fisher information
matrix, and || s(z; 8'7))|| as a measure of convergence.

n
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