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22.2 Linear Smoothing and Prediction:
Wiener Filter Theory

22.2.1 Linear Time-invariant System with Random Input

= Ly L

Figure 22.2 A linear system with random process input X; and output process Y;.

L(-) is time-invariant, if

Ut — L-(i.'t) — L-(U[.'t_|_k) — Yt+k. (226())
characterized by its impulse-response hlt]
hlt] = L(dtp), t=...,—2,—1,0,1,2, ... (22.67)
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H(z)= Y h[t]z"" (22.68)

l—=—00

called the system function or transfer function.

Z K] Xi_p = Z hlt — k] Xk (22.69)

k=—00 k=—00
A system is called causal or physically realizable, 1t
hik] =0, fork <0 (22.70)
referred to as the causality condition.
A system whose output depends on future inputs is called non-causal
or physically unrealizable.

If the input process 1s stationary,

EY) )= Y hKEX; k] =ps Y hlk] (22.71)

k=—0o0 k=—00
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y:u [fl fﬂ] [ }1}’};}

= E Z h(k]X ¢,k Z e [5]1X7

Fc_—or; j=—00

%0

= : h[k]h*[j]Rez[t1 — k, t2 — j] (22.72)

k=—00j=—00

It X; 18 wide-sense stationary (WSS)

RII[tl — k. to —]] = RII[d—Fj — IIL:I.. where d = 11 — t9

’y’y tl fQ i y‘ y‘ h h m:c[d—l_.j _A-'] (2273)

k=—00 j=—00

Hence Y} is also WSS, and we can write

Ryy [tla tQ] — R'y‘y [tl - tQ]

12/02/2013 Copyright Hisashi Kobayashi 2013 4



It the linear system is characterized by a finite impulse response (FIR).

h' = (h[0].R[1]..... K[n])

Ryyld] = h' Ry, [d]h* (22.74)
" Rz |d] Ryr|d+ 1] oo Rygld + n |
Ry ld —1] Ry.|d o Rygld+n—1]
RSL‘SL‘ [d] — 1. . .
| Rypld —n| Rygld—n+1] -+ Rypld |
(22.75)
Pyy(z) = Z Ryy[}l]z_k
k=—ox
k=—oc Jj=-—00 .:i——-tx:
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o0

1 iw 1 —ikw
Py(iﬁ) — EPyy(e ) — ) y Ryy[}i] € . 3 E ii
(22.77)

k=—0oc
Theretore, Py, (z) of (22.76) is also often called the power spectrum
of Y

Pyy(z) = Z h[k]z=F Z h*| Z Ryx|plz7P
k=—o0 j=—0x p=—00
— H(:)H —zm_ Cr<w< (22.78)
Theretore,
Py(w) — \H(eiw)PPx(w), (22.79)

where P, (w) is the spectral density of X,
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22.2.2 Optimal Smoothing and Prediction of
a Stationary Process

Xt = St + Ny (22.80)
St and N¢ are both WSS processes, E[N;| = 0

‘SHp

=9 Y
X, =8 +N, } Mk ;

v |l

Figure 22.3 A linear predictor h[k] for the signal S,
based on its noisy past input X;_ ., k& >0.

l;ﬁle [Yi = Sl @80
where

Z Wk Xk (22.82)

k=—o0
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When p > 0, the Y; 1s a predicted value of the signal at
p [time units] in the future.

When p < 0, Y; 1s called either a smoothed estimate or filtered
estimate of Sy,

With the causality condition (22.70) we denote

4 o 2 )
E=EQ|D h[k Xtk — Stip| ¢ (22.83)
k=0
\ /
E =) h[k]Realj — KR [j] = 2R Realp+ jlh7[j] ¢ + Res[0]
k=0 j=0 j=0

(22.84)
RIIUL] = E[4¥t+k4¥§] and R‘SI |:lll.:| — E[Agt_|_;c}(;] (2285)

R [0] — EHStP]
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Let g[k| be an arbitrary causal filte. Then h|k| + dg|k] is also causal.
we replace hlk| by hlk] + dg[k]

)=+ 33 glMRuali — Halj

k=0 j=0

+ 26R { Z > h[k]Rax[j — K]glj]

k=0 1=0

4

—20R<$ > Rex[p + jlgli) (22.86)
7=0

\

In order for {h[k]} to be optimal, it is necessary and sufficient
that £ < £(0) holds for any {¢|%]} and any real number ¢
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2w [} Z h{k|Rezlj — K7

k=0 =0

ZBSI;JJrj

> 0.
(22.87)

Then a necessary and sufficient condition for the above inequality

>: >_ h 'IL] - R-sx[F‘Fj] ?L}] — 0.

Z h{fﬁ.‘]RII[j _ A‘-] — RSIU 4 .p]r

for all 7 > 0.
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The continuous-time version of this equation

/ h(u)Ryr(t —u)du = Rgp(t + N), forallt > 0. (22.90)
Jo

an integral equation of Wiener-Hopf type.

22.2.3 Noncausal (or Physically Unrealizable) Filter

Rez[t +p] = Z h[k t—k], —oco<t<oo  (2291)
k=—o0
Taking the Z- tranbform

LHS = Z Ralt+p)2 = Y Relt)=71"F
[=—00 t'——mo
— PP, () (22.92)
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t=—o¢ \k=—

= H(2) Py (2) (22.93)

Hence, we can obtain the optimal (but noncausal) filter

(22.94)

If Sy and N; are uncorrelated,

RSI[H = E[StJrkXt] = FE [StJrk (Se + *Nt)]
= Rges|k| + E|Stik|E[Ny| = Ry k] (22.95)
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22.2.4 Prediction of a Random Signal
In the Absence of Noise

g > h k]

~<
>

v |l

I+p

Figure 22.4 A pure predictor h[k

for the signal S,

based on its noiseless input X; = 5,
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Now consider a discrete-time white noise sequence

Puw(z) =1 forall z, equivalently Ry k| = 0k

174 7,
f > g.[A] >

Figure 22.5 White noise W, passes through a linear filter {g,[k]} to produce 7,
that is statistically equivalent to S,

t
7 = Z gs[t — K] (22.100)

k=—oc

Go(2)GE(z71) = Pag(2).

Go(e)]? = 27 Py (w).
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T'hen, the power spectrum of the output noise Z;
P..(2) = Go(2)Puu(2)G*(z71) = Pg(z) forall z

Therefore, S, is representable as

Z gslt — k]Wi (22.104)
k=—oc
t+p
R:_—oe
t+p
Z gslt +p— kWi + > gt +p— kWi
k=—oc k=t+1 (22 105)
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Theorem 22.3 (Optimum linear pure predictor).

For a WSS signal Sy with autocorrelation function Res|k|, an optimal

linear pure prediction of Sy, based on the input {Sy.

is given by

mw——Z:J5+ﬂ—Amk

Emin = F {

Proof. Let

k=—o0

St+p — éter‘Q] =L

| t+p

}:%H+p—uw1

k=t

Sitp = E:,fr—knr

k=—oc

be an arbitrary linear prediction of S;. .
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(22.106)
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(22.107)

(22.108)
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12 [|St+p - £*t+p|2} =

+E

Thus, an optimum prediction 1s achieved when

t

Z (f[f — A’-] — (g [t +p— }Lf])[-{,-’k

k=—o0

E [|Sip = Seasl?]

flk] = fs[k] = g

sk +pl, k>0,

*E’t—l—p = *E’t—l—p — Z Jg —|—p — A]II ke

12/02/2013

k=—0o0
Emin = £ DSH—P — §t+p‘2]

which is equivalent to (22.107).
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(22.110)

(22.111)

(22.112)
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From (22.110), the optimal causal filter f¢[k] is related to g [k]

according to

0, k<0
k] = 22,113
fslk] {gs[k-+jj]. k>0 ( )
Then, the optimal predicted value of Sy, 1s
t
Serp= D falt =KWy (22114
k=—oc0

Now we introduce a new notation | |,

B(:) = Z{by} = [B(:)l+ £ Z{b[kJulk]}. | Q2115)

Then, we write (22.113) as

Fo(z) = [Gs(2)2], . (22.116)
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(a) (b)

Figure 22.6 (a) The relation between g.[k] and f,[k];
(b) An optimal predictor f.[k] = g.[k + p] thatacts on white noise.

>

Since the white noise W; can be created by passing the signal 5,
into a filter 1/Gq(2)

(22.117)

12/02/2013 19




U

D W,

— S
1/G(z) 5 Fs(z) |H—F

H{}[Jt.l:::zi] — FS(Z:II}HGH[IZI:]
Figure 22.7 An optimal predictor H,,.(z) that acts on the input signal S;.

-2 (263}

> lgslk]? = E [[Strpl’] = || St (22.119)
k=0

ST = Y las[k2 = B 1800 2] = 19002 22.120)
k=p
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letrnll® = 1Setpl1 = [[Se4pl1* = Z 95 [F] (22.121)

Example 22.3: Pure predictor of an autoregressive signal

}{t — .I\S?t P (,) B |fl 2
A (1 —az=1)(1—az)
A 2
Ps(w) = - 12
@)= AT o — Rateosw) 22122
A
GS( ) 1 — (Y Z —1

Then, by referring to Figure 22.5, the filtered noise {Z;} and
the white noise { W3} are related by

Zf: — Cl‘iZt_l + AH} (22123)

an autoregressive sequence of first-order denoted as AR(1)
12/02/2013 Copyright Hisashi Kobayashi 2013 21



It the white noise W4 is Gaussian, Z, is a Gauss-Markov process

St, which i1s statistically equivalent to Z;, is also a GMP.

0. k< 0.
9s(k] = {4& k=0,1,2,... (22.124)
fslk] = {(34._{1}94—}}1 i ; 8
Folz) =7 ;422—1'
Hope(2) = f:((:)) —aP (22.125)

St—|—p = a-pSt.
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