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22 Filtering and Prediction of
Random Processes

22.1 Conditional Expectation, MMSE Estimation
and Regression Analysis

22.1.1  Minimum Mean Square Error (MMSE) Estimation
An estimate 1s a function T'(x) of a sample x, whereas an estimator
S is a function of the RV X:

S=T(X) (22.1)

The mean square error (MSE) of the estimate S 1s

£ = E[|S - 5|?. (22.2)

T such that the MSE is minimized 1is called a minimum
mean square error (MMSE) estimator. or a least square estimator.
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22.1.2 Linear MMSE Estimation

Suppose we restrict ourselves to linear estimates,

S=T(X)=) 84X (22.4)
1=1
If we define a row vectors ﬁT = (81, Pa. . ... B )
S=3TX (22.5)
The MSE 1s

£(8) = B[S = 5
= E[|S)?] - B E[s*X] - E[X"S|3* + gTE[X X"

— T'gg — ﬁ—rrsm — TgHmﬁk e /@TRmmﬁ* (22.6)
where
res = E[|S|?]. Tsp = E[S*X], and |Rgz = E[XX"]
(22.7)
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(22.6) 1s minimized when

Ra::l:/@x — Tsx- (22.8)

Thus, the optimal coeftficient vector 1s

Bopt = Raalea (22.9)
Thus, the linear MMSE estimate
Sopt = Bope X = rl RLX (22.10)
Then. the minimum MSE can be found
Emin = E(Bopt) = Tss — Top RpaTsa (22.11)

The condition (22.8) can be rewritten as

P

E[(S - S)X*] =0. (22.12)
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The linear MMSE estimate of the form (22.4) has the bias
b= E[S] - E[S] = BTE[X] - u,
In order to obtain an unbiased linear estimate,
S=03+8"X
3o must satisfy the equation
te = Bo + BTE[X

Bo = ps — B ' E[X] = —b
Subtracting (22.15) from (22.14),
S — Hs = ﬁT(X — E1X])
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Recall the notion of orthogonality between two RVs

Then the condition (22.12) can be rewritten as

e

(S — 5, X)=0. (22.23)

T, ... Subspacespannedby X, ,r=12,... .. '

S—Sis orthogonal to all X;, ¢+ =1,2,..., n.

o

S 1s the projection of S onto this linear subspace.
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The MMSE €&,,i, 18 the norm square of the estimation error:
Emm = |5 = S|1* = [|S]1* — |5]13 (22.24)
which 1s equivalent to (22.11).
22.1.3 Conditional Expectation and MMSE Estimation

Lemma 22.1 (Property of the conditional expectation).

Let h(X') be any scalar function of the RV X. Then the random
variables S — E|S|X | and h(X') are orthogonal, i.e.,

(S — E|[S|X],h(X)) =0. (22.25)
Proof.
(S — E|S|X],h(X))=F|[(S—E[SIX])h"(X)]
// (s — E|S|z])h"(x) fsx (s, x)ds dx
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— [ ([~ EiSleh s sle) ds) (@) () de =0

(22.26)
because
[ (s = Elsla) fox(sla) ds
— /-S'f5|x(5 x)ds — F|S|x] /f5|x(5 x)ds
= FE|S|x| — E|S|x] = 0. (22.27)

Another proof can be derived by using the law of iterated expectations

(see Problem 22.3).
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Theorem 22.1 (Equivalence between the MMSE estimate
and the conditional expectation).

Let T'(X) be any estimator of S, Then

E[(S-T(X))’] = E[(S - E[S|X])?], (22.28)

where the equality holds iff T(X ) "= E[S|X].

Thus, the MMSE estimate and the corditional expectation are
equivalent in mean square.

ook e _ B[(s—T(X)?

= E|{(s - E[S|X]) + (E[S|X] - T(X))}’]

= FE (S —E[S|X]))*] +2E[(S — E[S|X])(E[S|X] - T(X))]
+E[(T(X) — E[S|X])?

= E[(S— E[S|X))?] + E[(T'(X) — E[S|X])?] (22.29)
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Theretfore, in order to minimize the MSE £,
E[(I'(X)-E[S|X])?] =0
[n other words, F'|S|X ] is mean square equivalent to 7'(X).

Example 22.1: Additive noise model.

X =S5+N. where S~ N(uz.02), N~ N(0,02)
X and S are jointly normally distributed
pr = E|X| = ps. — Var| X| = o2+ 02,

and Cov|S, X| =
The conditional distribution of .S given X is also normal
with the mean (Problem 22.7)

[5|X] — [Lg T psm (){ - ﬂu.l?) (22.30)

O

0-2
Dap = - S (22.31)
fSI 2 9
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Thus, the MMSE estimator of S given X

SNR

X — p, 22.32)
T SNR X T M) (

S(X)=E[S

X| = ps +

where

-2
SNR = — %
Thus, if SNR > 1. S(}{)

if SNR < 1, S(X) ~ s which is prior expectation
[]

22.1.4 Regression Analysis

Theory of regression is concerned with prediction of a variable Y
on the basis of information provided by observable variables X
X independent or predictor variables

Y dependent or response variable
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Let us define a statistic

M(xz) = E[Y

z] (22.33)

called the regression function, or simply regression.of ¥ on X
= (X1. Xo... .. X o)

Theorem 22.1shows E [Y — T(X)m > F [ Y — fl[(X)|2]

The error of the MMSE predictor is thus the conditional variance
Uz?qx =35 [ Y — M(X)\Q] (22.34)

It can be shown (Problem 22.9) that

Py < Piry (22.36)
where the equality holds iff 7" is a linear function of M .
The variance of Y can be decomposed as

E[[Y —EY]?]|=E][lY - M]?] + E|[I]M - E[M]|?] (22.37)
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compactly expressed as

oy =0y x + O (22.38)

the fundamental equation for analysis of variance (ANOVA),

The ratio 5 52
2 A OMm Y|X
Ny x J% 0}2/ ( )

is called the correlation ratio and provides a measure of association
between Y and X.

Linear Regression

Now let M (x)be linear in @. consider an arbitrary linear predictor

T(:I?) — .,3[3 -+ 31;{?1 + oo+ Bt = Bo + ﬁ—r$
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E:E[

Y — Bo — ﬁTXﬂ
— J}%’ + |b‘2 T ﬁTCmmﬁk - fGTcﬂly _ C’ﬂ?yﬁ*

where

b= By — E[Y]+B"E[X].

Cay = E (X — EX|)(Y — E[Y])"]
The optimal choice of b, 3 and 5y are

bopt = 0. C-’Eﬂ?ﬁ;pt — Cgy,

.-So,opt — E‘[Y] - f@;_ptE [X ]
Then the minimum value of (22.40)

_ 2 H —1
Emin = Oy — Cmycmmciﬂy
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The correlation ratio of (22.39)

2 H ~—1
.r;ﬁ o Jylm _ cmycmmcﬂ?y
yr — - 2 2

Ty Ty

(22.45)

Best Linear Predictors

We have seen above that if regression M (x) = E|Y |x| is a linear
function of @, the best predictor can be determined in terms of
means, variances and covariances of the concerned variables.

Theorem 22.2.

The linear predictor Topt () = Bopt + B{:',m:r: given by (22.43)
is the MMSE linear predictor of Y . It is also the linear predictor
that has the maximum correlation with Y .
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22.2 Linear Smoothing and Prediction:
Wiener Filter Theory

22.2.1 Linear Time-invariant System with Random Input

= Ly L

Figure 22.2 A linear system with random process input X; and output process Y;.

L(-) is time-invariant, if

Ut — L-(i.'t) — L-(U[.'t_|_k) — Yt+k. (226())
characterized by its impulse-response hlt]
hlt] = L(dtp), t=...,—2,—1,0,1,2, ... (22.67)
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H(z)= Y h[t]z"" (22.68)

l—=—00

called the system function or transfer function.

Z K] Xi_p = Z hlt — k] Xk (22.69)

k=—00 k=—00
A system is called causal or physically realizable, 1t
hik] =0, fork <0 (22.70)
referred to as the causality condition.
A system whose output depends on future inputs is called non-causal
or physically unrealizable.

If the input process 1s stationary,

EY) )= Y hKEX; k] =ps Y hlk] (22.71)

k=—oc k=—00
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y:u [fl fﬂ] [ }1}’};}

= E Z h(k]X ¢,k Z e [5]1X7

Fc_—or; j=—00

%0

= : h[k]h*[j]Rez[t1 — k, t2 — j] (22.72)

k=—00j=—00

It X; 18 wide-sense stationary (WSS)

RII[tl — k. to —]] = RII[d—Fj — IIL:I.. where d = 11 — t9

’y’y tl fQ i y‘ y‘ h h m:c[d—l_.j _A-'] (2273)

k=—00 j=—00

Hence Y} is also WSS, and we can write

Ryy [tla tQ] — R'y‘y [tl - tQ]
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It the linear system is characterized by a finite impulse response (FIR).

h' = (h[0].R[1]..... K[n])

Ryyld] = h' Ry, [d]h* (22.74)
" Rz |d] Ryr|d+ 1] oo Rygld + n |
Ry ld —1] Ry.|d o Rygld+n—1]
RSL‘SL‘ [d] — 1. . .
| Rypld —n| Rygld—n+1] -+ Rypld |
(22.75)
Pyy(z) = Z Ryy[}l]z_k
k=—ox
k=—oc Jj=-—00 .:i——-tx:
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1 1w 1 —ikw
Py(w) = EPyy(e ) = o Z Rkle b _r<w<m
p=ee (22.77)
Theretore, Py, (z) of (22.76) is also often called the power spectrum
of Y;
Z h|k 7k Z h*| "5" Z Ryzplz7P
k=—00 J=—00 p=—00
— H( )H ( _I)PEE(Z)' (22.78)
Theretore,
P,(w) = |H (e™)|* Py (w). (22.79)

where P, (w) is the spectral density of X,
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22.2.2 Optimal Smoothing and Prediction of
a Stationary Process

Xt =St + N¢ (22.80)

St and N¢ are both WSS processes, E[N;| = 0

5?+p

=S Y
X, =8 +N, } Mk ;

v |l

Figure 22.3 A linear predictor h[k] for the signal S,
based on its noisy past input X;_ ., k& >0.

min E [|Y; — Styp|?] (22.81)

h[k]
where

Z h(k] X ek (22.82)

k=—o0
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When p > 0, the Y; 1s a predicted value of the signal at
p [time units] in the future.

When p < 0, Y; 1s called either a smoothed estimate or filtered
estimate of Sy,

With the causality condition (22.70) we denote

4 o 2 )
E=EQ|D h[k Xtk — Stip| ¢ (22.83)
k=0
\ /
E =) h[k]Realj — KR [j] = 2R Realp+ jlh7[j] ¢ + Res[0]
k=0 j=0 j=0

(22.84)
RIIUL] = E[4¥t+k4¥§] and R‘SI |:lll.:| — E[Agt_|_;c}(;] (2285)

R [0] — EHStP]
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Let g[k| be an arbitrary causal filte. Then h|k| + dg|k] is also causal.
we replace hlk| by hlk] + dg[k]

)=+ 33 glMRuali — Halj

k=0 j=0

+ 26R { Z > h[k]Rax[j — K]glj]

k=0 1=0

4

—20R<$ > Rex[p + jlgli) (22.86)
7=0

\

In order for {h[k]} to be optimal, it is necessary and sufficient
that £ < £(0) holds for any {¢|%]} and any real number ¢
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k=0 7=0
+20R | N h[k]Raxj — K7 ZBSI p+jlglil| >o.
| k=0 j=0 1 (22.87)

Then a necessary and sufficient condition for the above inequality

>: > h 'IL] — R-sx[p + j] ?L}] — (. (22.88)
—0 Lk=0

> " h[k]Raelj — k] = Rez[j + p]. forall j > 0. (22.89)

k=0
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The continuous-time version of this equation

/ h(u)Ryr(t —u)du = Rgp(t + N), forallt > 0. (22.90)
Jo

an integral equation of Wiener-Hopf type.

22.2.3 Noncausal (or Physically Unrealizable) Filter

Rez[t +p] = Z h[k t—k], —oco<t<oo  (2291)
k=—o0
Taking the Z- tranbform

LHS = Z Ralt+p)2 = Y Relt)=71"F
[=—00 t'——mo
— PP, () (22.92)
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t=—o¢ \k=—

= H(2) Py (2) (22.93)

Hence, we can obtain the optimal (but noncausal) filter

(22.94)

If Sy and N; are uncorrelated,

RSI[H = E[StJrkXt] = FE [StJrk (Se + *Nt)]
= Rges|k| + E|Stik|E[Ny| = Ry k] (22.95)
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22.2.4 Prediction of a Random Signal
In the Absence of Noise

g > h k]

~<
>

v |l

I+p

Figure 22.4 A pure predictor h[k

for the signal S,

based on its noiseless input X; = 5,
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Now consider a discrete-time white noise sequence

Puw(z) =1 forall z, equivalently Ry k| = 0k

174 7,
f > g.[A] >

Figure 22.5 White noise W, passes through a linear filter {g,[k]} to produce 7,
that is statistically equivalent to S,

Zi= Y glt — kW, (22.100)

k=—o0

Go(2)GE(z71) = Pag(2).

Go(e)]? = 27 Py (w).

a
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T'hen, the power spectrum of the output noise Z;
P..(2) = Go(2)Puu(2)G*(z71) = Pg(z) forall z

Therefore, S, is representable as

Z gslt — k]Wi (22.104)
k=—oc
t+p
R:_—oe
t+p
Z gslt +p— kWi + > gt +p— kWi
k=—oc k=t+1 (22 105)
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Theorem 22.3 (Optimum linear pure predictor).

For a WSS signal Sy with autocorrelation function Res|k|, an optimal

linear pure prediction of Sy, based on the input {Sy.

is given by

mw——Z:J5+ﬂ—Amk

Emin = F {

Proof. Let

k=—o0

St+p — éter‘Q] =L

| t+p

}:%H+p—uw1

k=t

Sitp = E:,fr—knr

k=—oc

be an arbitrary linear prediction of S;. .
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12 [|St+p - £*t+p|2} =

+E

Thus, an optimum prediction 1s achieved when

t

Z (f[f — A’-] — (g [t +p— }Lf])[-{,-’k

k=—o0

E [|Sip = Seasl?]

flk] = fs[k] = g

sk +pl, k>0,

*E’t—l—p = *E’t—l—p — Z Jg —|—p — A]II ke

11/25/2013

k=—0o0
Emin = £ DSH—P — §t+p‘2]

which is equivalent to (22.107).
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