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17 Random Walk, Brownian Motion,
Diffusion and Itd Processes

17.1 Random Walk

Let us imagine a one-dimensional random walk on the real line:

Xn=Xo+51+82+ -+ Sy, (17.1)
where {S;} is a set of i.i.d. RVs
17.1.1  Simple Random Walk

A simple random walk 1s defined as a special case of the random walk
model, in which only two values are possible for each step 5;, 1.e.. either

+1 or —1.
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(1) Spatial homogeneity:

P X, =klXo=a|=PX,=k+0D
(1) Temporal homogeneity:

P X, = k|Xo = a] = P Xntm = k| Xm = a.

(111) Independent increments:

Xo=a+b

For a set of disjoint intervals (m2;,n;], i = 1.2, ..., the increments
(X,,, — X,,)’s are independent.
(1iv) Markov property:
The sequence { X, } is a simple Markov chain:
PlXpor = KXo, X1..... X = P[Xpim = k| X,,]. forany m > 0.

let us assume without loss of generality

‘X’n — a = 0.
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o +1 with probability p
" | =1 with probability g = 1 — p

Suppose that out of n random steps n; steps are taken to the right (41)
and no steps are to the left (—1).

FaY —
Xp=n1—no=~k. ng= ”—J;C and no = ”Tk

- 7 Tl n+k n-k
P[X, =k| = (er)p 2 g2, k=—-—n,—m+2, ..., n—2,n.

2

Note that both (n + £) and (n — k) are even. (17.7)

Thus, for any state k, P|X,, = k| = 0 for all n such that (n + k) is odd.
Therefore {X,,} is a Markov chain with period d = 2.
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An alternative way to derive the probability distribution (17.7)

pn(k) = P[X,, = k] must satisfy (Problem 17.1):

Pn+1(k) = ppn(k — 1) + qpn(k +1). (17.8)

pD( ) = O ,0 (17.9)

The mean, second moment and variance of X ,, are

Z E[S;] = nE|[S;] =n(p —q)

Var[X,] = E[X2] — (E[X,])? = 4pqn.
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The mean of the increment X,,, — X, 1s
EXpm —Xp|=(m—n)(p—q)
Rx(m,n) = E[X,,X,]| form > nis
Rx(m,n)=FE[(X,, — X, + X,,)X,,]
= F[X,, — X, |E[X,] + E[X?]
= (m —n)n(p —q)* +n’(p — q)* + 4pgn

= mn(p — q)* +4pgn, m > n. (17.14)
Since the autocorrelation function 1s symmetric,
Rx(m.n) = mn(p — ¢)* + 4pgmin{m, n}. (17.15)
Thus,

Cov| X, Xn] = Rx(m,n) — E[ X |F | X,]| = 4pgmin{m, n}
(17.16)
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and the variance of the increment

Var X, — X,,| = Var|X,,,] + Var X, — 2Cov|X,,,, X,,]
= 4pg(m +n —2n) = 4pg(m —n). form > n.

Example 17.1: Simple random walk with p = g = %
FIX,|]=0 n=0,1.2,....

Var[X,|=n, n=20,1,2,...
Thus, the standard deviation of X, is v/n.

Rx (m,n) = min{m,n}. the square root law

FE|X,, — X,] =0, and Var[X,, — X,,| =m —n.
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17.1.2 Gambler’'s Ruin

Consider a game 1n which A plays against B.

Suppose that in each trial A wins with probability p, and gets one
and A loses with probability ¢ = 1 — p and gives one

The game ends when either 4 or B gets ruined.

Opponent with infinite capital:

A has the mitial capital of a dollars and B is infinitely rich.
Let X,, represent A’s fortune after n trials.

Suppose X,, = 7, and let

ri = P[X,y = 0 for some n’ > n|X, =i]
Ty =priy1 +qri-1, 1=1,2,..., (17.22)
o= 1. (17.23)
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By setting z = 1

4 a
',l"]_ — = = ""Ii,-'
P
Then, the RHS of (17.26) becomes (z — 1)p,
1 .
Rz) = —— =3 iz
]_ - f}'/_: i:D
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A with the initial capital a [dollars] will ultimately be ruined with
probability 7, = v“, while with probability 1 — ~“, his fortune

will increase, 1n the long run, without bound.
If p < ¢, his opponent B will ruin the gambler with probability one.

Evenif p =g = 1/2, the gambler will be ultimately ruined.

Opponent with finite capital:
c = a + b = Sum of the capitals of A and B.

X, is now restricted to {0,1.2,.... c}.
ro=1 and 7, = 0.
Thus, the process {X,,} is a finite state Markov chain with the

state space S = {0,1.2,...,c}, where () and ¢ are absorbing states.
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The solution is now given (Problem 17.3)

For~ # 1 (i.e., p # q).
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The probability w; that A ultimately wins the game

obtained from the above formulas by replacing p, ¢ and ¢
by q,p and c — 7, respectively.

For~ # 1 (ie.,p # q).

177 i< (17.33)
1_,-}/.0'

Forv=1(Ge.p=q=1/2).

-urizl—c_zzi, Oéigﬂ“ (]734)

C C

Then
:-'ri _|_ .u_,i — 1
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From the last result

b
Pl A gets ruined, = r, =
[ o ] Ia a -+ b
P[B gets ruined] ‘
oets ruined = w, =
= . a-+b

By letting ¢ — oo 1n (17.31) and (17.32),

; 1 if ~>1(e..qg >
hﬂl i = , l = ('1 C., q = p’)
vty <1 (1.6., q < p)

C—00
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17.2 Brownian Motion or Wiener Process
17.2.1 Wiener Process as a Limit Process

The step size of each jump is 0, i.e.

G _ +0, with probability
" | =4, with probability

B0 | bt 00 | et

For given time ¢ > 0, there will be n jumps, where
n=|t/h] (17.38)

RV X, has mean zero and variance 2.

X, 1s asymptotically normally distributed

The total displacement in time ¢ is the sum of n = |#/h | independent RVs,

each having mean zero and variance 62 .

Thus, the mean and variance of the total displacement are zero and
t52 /h, respectively.
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Thus, we let &~ — 0 and 6 — 0 1n such a way that

62

for some constant o > 0.

(a) Random walk with h=1
T

1 1 1 1 1 1 1
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(b) Random walk with h=0.3, delta=0.09

A
'Hlﬂ II|||I|I IIHI
|III i II|I’|| \ III| Iil “IHI III
f \ \ \'ﬂﬂ . l,||"|'II HII I|'|I { .I I|||| ||| . III | I
III Hﬁﬁl‘ “l'lil" ""ﬁ' ||"I II' i II| IIIMI II| 'I Iil IJ IW"| l"ﬂm II .’I,lI \/ IM |
| il { [1N] | \[ I | ’ I
f hﬂ ;W W # AL vﬁ oy w \
IFI II || 'I',I ‘I||‘I||||| I|l|| I’Iﬁﬁ“l II| III
I|| ||I |II II| | “I i
I',I IH |II
I|I I|I \

5 =
4 I|'|I !
| III " |
! ﬁﬂ f -
2 - | I |
||III '
Iﬁ'
w- 0r
_2 -
_4 -
_E =
_8 |
0 9
11/20/2013

10 15 20 25 30 35
t

Copyright Hisashi Kobayashi 2013

40

17



lim X, = W(t), whilet =nh, and — = «. (17.40)

n—oo,h,0—0 h

The distribution of the limit process W (#) approaches N (0, n0?)
— N (0, at).

This limit process is called Brownian motion often synonymously
called Wiener process and thus, denoted as B(t) or W (t)

Brownian motion was mathematically formulated by a French mathe
matician Louis Bachelier (1900) and Albert Einstein (1905),
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17.2.2 Properties of the Wiener Process
(1) Spatial homogeneity:
PW(t) <w|W(0) =a]=PW(t) <w—+bW(0)=a+b|.
(1) Temporal homogeneity:
PW(t) <w|W(0) =a]=PW(t+s) <w|/W(s)=a
(111) Independent increments:
For a set of disjoint intervals (s;,%;|, the increments
W (t;) — W (s;) are independent.
(1v) Markov property:
PW(t+s) <w|W(u), u<tl=PW(t+s) <w/Wt)
(v) Gaussian property:
Any increment W (t) — W (to) (t > to) is normally distributed:

o i} 1 Ir—To ?}2
o S ;ED] N \/‘)"(1(1* to) / o {_2(1(1: — tp) } w
LNt — {p —00 LAWY :

11/20/2013 Copyright Hisashi Kobayashi 2013 19




From properties (ii) and (iii) we can show that Var[W (¢)| must be
of the form Var|[WW(t)| = at

Furthermore. we can show (Problem 17.5 (b))
Var[W (t) — W(s)| = a|t — s (17.45)
Letting s < ¢, we have

Rw(t,s) = E[W ()W (s)]
= E[W(s){W(t) = W(s) + W(s)}
= E[W(s) {W(t) — W(s)}] + E[W(s)W(s)]
= E[W?(s)] = as for s <t (17.46)

Therefore. we obtain

Rw (t,s) = amin{s,t}, s,t>0. (17.47)
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By equating t = s 4+ h in (17.45) and letting i — 0,

nmE{gws+m—wme]:nmampﬂJ (17.48)

h—0 h—0
Theretore, the Wiener process 1s continuous in the mean-square sense.

17.2.3 White noise

consider a random process Z(t) with a constant spectral density*

N
_&Mﬁ:;?—m<f<m (17.49)

No.
5 -

called white noise. White noise 1s not physically realizable since

Ny [
Rz(0) = E[Z(t)?] = {/ df = oo (17.50)

¥
2 J_x
The autocorrelation function of white noise 1s

x | No .
Rz(7T) = / Py (f)e™ T df = 20 o(1), —oo<T <00
e (17.51)
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The Wiener process or Brownian motion can be formally represented as
a stochastic integral® of white noise process Z ().

t
W(t) = / Z(u) du. (17.52)
0

AT

E[Z(t)Z(s)] = Rz(t — s) = \2 5(t—s)  (17.53)

Hence,

R (t.5) = E[W(t)W(s)] = E [[ " Z(u) du A 20 d]

/ d'u] dvE|Z(u)Z(v)]
0 0

f\
/du/ dv 25 O(u —wv)
0 0

N
20 min{t, s}, s,t >0

(17.54)
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