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15.3 Classification of States
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Figure 15.2 Classification of states in a Markov chain.
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Figure 15.3 An example of a Markov chain with various states.
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15.3.1 Recurrent and Transient States

1;; ¢ the first-passage time from i to ;.

fa=3 f). ijesS (15.59)
n=1

If fi; =1, {fi(?) :n=1,2,...} represents the
probability distribution of the first-passage time.

if f;; < 1, the process may never reach state j.

0

n=1
is the probability that the system ever returns to state .
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Definition 15.4 (Recurrent state and transient state). Stare : € S is called a recurrent state (or
a persistent state) if f;; = 1. It is called a transient state if f;; < 1. []

The mean first-passage time (or expected first-passage time)

= (n) -y o :
, nf. 01t fi; =1 :
i = E[TEJ — nzzjl nf” : fj . i'j e S. (15.61)
00, 1f fzj < 1.
When fij =1
pij = Pij + > Papng + 1), (15.62)
k#j

When j=i, the mean first-passage time is called the mean recurrence time
(or expected recurrence time).
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Definition 15.5 (Null-recurrent state and positive-recurrent state). A recurrent state i € S is
called a null-recurrent state if 11;; = oo, and is called a positive-recurrent (or regular-recurrent)
state if [1;; < 0. []

If P =0 for n # d;, 2d;, . . .. then state 7 is called periodic

with period d;.
d; = ged {n : P > 0} , (15.63)

Definition 15.6 (Periodic state and aperiodic state). A state : € § is called periodic with period
d; if d; > 1, and is called aperiodic if d; = 1. ]

Definition 15.7 (Ergodic state). State 1 € S is called an ergodic state, if it is positive-recurrent
and aperiodic, i.e., fi; = 1, py; < oo, and d; = 1. []

Definition 15.8 (Absorbing state). State « € S is called an absorbing state if the transition prob-
ability satisfies P;; = 1. []
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15.3.2 Criteria for State Classification

Gij(2) 2 PI2m, ijes,
=10

Fi(z) £ ) f=", ijes.
n=>0

(15.64)

(15.65)

Theorem 15.2 (Generating functions of n-step transition and first-passage probabilities). The

enerating functions G:.(z) and F': :(z) defined above are related according to
i e I 'i-_'] I-_'jl . i

Gij(z) = 51‘;‘ ‘i‘Ft'j(z)ij(z)s i,J €8.

Proof.
roof Read p. 441

For 7« = 7, we obtain

1

Gii(z) = 1 _Fii(zj‘
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The first-passage probability

ij” = F;;(1) (15.71)

n=1

The mean first-passage time

oo

hi = Z ﬂ_fj;” = F.(1). (15.72)

n=1

Note: We shall skip in the class discussion of Theorem 15.3 (Conditions
for recurrent and transient states) and Theorem 15.5 (Conditions for null-
recurrent, ergodic or periodic states) of pp. 442-445, but be aware that
these theorems exist.
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15.3.3 Communicating States and an Irreducible Markov Chain

Definition 15.9 (Reachable states and communicating states). We say that state j € S is reach-
able (or accessible) from state i € S if there is an integer n = 1 such that PS?’] > 0. If state i
is reachable from state j and state j is reachable from state i, then the states i and j are said to

communicate®, written as i < 7. []
Theorem 15.6 (Reachable states from a recurrent state). Suppose state j is reachable from a

recurrent state i (i.e., 7 < ). Then state 1 is also reachable from state 7 (1 + 7); hence states 1 and
7 communicate (i <+ j). Moreover, state j is also recurrent.

Proof. See pp. 445-446.

11/139/2013 Copyright Hisashi Kobayashi 2013 9



[f two states 7 and 7 do not communicate, then either
PS} =0 forall n>1,
or
Pj{f) =0 forall n > 1,

or both relations are true. The relation of communications “+" 1s an equivalence relation; that 1s,
the following three properties hold:

1. Reflexive Property: i <+ i foralli € S.
2. Symmetric Property: if z «+ j.then j + 1. (15.97)
3. Transitive Property: if ¢ <+ jand 7 < k,theni & k.

Property 1 is a consequence of PS) = 0;;: Property 2 is apparent, and 3 is easy to verify (Prob-
lem 15.4).
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Definition 15.10 (Closed or open set and an irreducible set of states). A ser C of states is called
closed if

P,; =0 forallicC,j ¢C,
and is called open, otherwise.

A set C is called irreducible if
14+ g foralli,j €C.

If all the states S of a Markov chain are irreducible, the chain is called irreducible. L]

Theorem 15.7 (Property of an irreducible Markov chain). In an irreducible Markov chain all
states belong to the same class: They are all transient, all null-recurrent, or all positive-recurrent.

Furthermore, they are either all aperiodic or all periodic with the same period.

Proof: See p. 447.
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Theorem 15.8 (Decomposition of a Markov chain). If a Markov chain is not an irreducible chain,
its state space S can be uniquely partitioned as

S=TUCUCy -+,

where T is the set of transient states, and the C.'s (r = 1,2, ...), are irreducible closed sets of
recurrent states.

Proof. See p. 447
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15.3.4 Stationary Distribution of an Aperiodic Irreducible Chain

lim p(n) = . (15.98)

n—00

Then by applying this limit to (15.11),

PT(?’I +1) = pT(n)P foralln =0.1.2..... (15.11)

' =x'P. (15.99)

Definition 15.11 (Stationary distribution). A probability distribution w satisfying (15.99) is called
a stationary distribution or an invariant distribution: If the initial probability p(0) is set to T, then
p(n) = foralln > 0.
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Theorem 15.9 (Stationary distribution of an irreducible aperiodic Markov chain). In an irre-
ducible aperiodic Markov chain, one of the following two alternatives holds:

1. The states are all transient or all null-recurrent, in this case there exists no stationary distribution
and

lim P™ =0, foralli,jeS. (15.100)

n—oo ]

2. All states are ergodic, in this case there exists a unique stationary distribution and

lim P =7, foralli.j€S. (15.101)

n—oo

Furthermore, m; is equal to the reciprocal of the mean recurrence time for state i, i.e.,

= . iES. (15.102)

Proof. We skip the proof, since it uses Theorems 15.3 and 15.5 which we skipped.
Read pp. 448-449.
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The theorem assures us that (15.101) holds whenever the states

are ergodic.

lim p;(n) = lim > p;(0)PS = pi(0),

n—00 _ _
1S 1eS

jES. (15.103)

= ’j"['j__

Thus, the stationary distribution becomes the steady-state
distribution.

The stationary distribution can be computed by solving
linear equations of (15.99) with the linear constraint condition:

a'l=1. (15.104)

Alternatively, a simple but useful computational formula can be found

' =1"(P+E—-I)". (15.107)
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16 Semi-Markov Processes and
Continuous-Time Markov Chains

16.1 Semi-Markov Process

Definition 16.1 (Semi-Markov Process).

A semi-Markov process (SMP) { X (t), t > 0} is a right-continuous,
piecewise constant process, which takes values in a finite or countably
infinite set of states, S, and transitions at times ty.ta., . . ..

We shall assume that to = 0 and define the nth sojourn time by
Tn = t, —tn_1, n > 1. An SMP is characterized by

(i) its transition probability matrix (TPM)
P = [P;;j:, 1, ] € S.
(ii) the set of distribution functions
Fii(t) = Pltn <t | X(tns1) = J, X(tn) = 1.
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X() Figure 16.1 A sample path of a semi-Markov process.
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This pair sequence {(X,,.7,)} is called a Markov renewal process
(MRP). More generally, an MRP {(X,,,%,)} consists of an arbitrary
DTMC {X,,} together with a sequence of renewal points, {t, }

the sojourn time 7,, = t,, — t,,_1 depends only X,,_; and X,,,
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Given an MRP, {(X,,,%,,)}. define an associated SMP

X(t) = Xy, forty, <t <tpiy, n=0,1,.... (16.3)
For an MRP {(X,,,%,,)}. define a counting process N ()
N(t) = max{n : t, <t}. (16.4)

Then the SMP X (#) can equivalently be expressed as

X(t) = Xnqy, t>0. (16.5)
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Sojourn time variables and their distribution functions

Given an SMP X (¢), we define the sojourn time variable S;;, between
states 7 and 7, as the time between two successive jump points,
say tp—1 and %, given that X,,_; =7 and X,, = 75, n > 1.

the distribution function of .5;;
Fij(t) = Plr, <t | Xy =35, X1 =1 = P[S;; <t]  (16.6)

Similarly, we define the sojourn time in state ¢, .5;, as the time between
two successive jump points, ?, 1 and #,,, such that X, ; =i, n > 1.

S; = S;; with probability P;;. i.j € S (16.7)
Fi(t)=P[S; <t] =Y Fy(t)P (16.8)
=
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Theorem 16.1 (Stationary distributions of SMP and EMC).

Let X (t) be an SMP with state sojourn times S;, and P be

the transition probability matrix of its associated EMC {X,}.

We further assume that 0 < E|S;| < oo for all states © € S.

Then the stationary distribution of X (t), , is related to the stationary
distribution of { X, }, 7, by

= ————— {ES, (16.10)
> T E|S;]

jeS

Conversely, 1 is given by

. W@/E[S@] .
ll' — - E S-. (]6']1)
TS m/ES]

JES
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Proof. Let us consider a sample path of X (#) over the period [0,#xn 1)
in which 7n; be the number of times state 2 1s visited

Z n; = NN,

ieS
The assumption that the EMC 1s positive recurrent implies that
.5,

n; — oo as N — oo.
Let s;(k) be the sojourn time in state 7 in its Ath visit by X ().

Then the fraction of time the process spends in state 7 18

S si(k) oL LSS (k)

1N = S = (16,12
AN _ n; _ _ n; '

> yosilk) X F Z (k)

JES k=1 jES k=1

The strong law of large numbers implies that

RS a.s
— si(k) — E[S;], as N — oc. (16.13)
T
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Similarly N
‘7 ALS.

~ i, asN — oo (16.14)

(N > — . 1 €S, 16.15

fu( ) T (16.15)
JE

From the definition of f; (V).
fi(IN) 22 1. as N — oo. (16.16)
Thus, formula (16.10) has been proved.

Formula (16.11) then follows by re-arranging (16.10). L[]
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