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Example 13.2: The K-L expansion when noise is white

Ry(s,t) = o%0(s —t). (13.140)

The integral equation (13.125) reduces to

o’ /T 5(s — thu(t)dt = Au(s), 0<s<T. (13.141)

0
which 1s simply 52?-!-(-5') = A\u(s), 0<s<T.

Consider the first orthonormal basis function u,(t) defined by

ui(t) = rg) where ||S[|* = /T 1S ()| dt. (13.143)

* 0

The expansion coefficients (c.f (13.113), (13.126) ) are

T
Loty L= [ S )S(t)di= S
r] = —/ S*()X(t)dt 51— 1SN Jo SH)S(#) dt = 5]
0
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We could find other orthonormal basis functions u,(t), k=2, 3, ....
corresponding expansion coefficients s, are all zero for k=2, 3, ....

test statistic T(x) of (13.132) reduce to

s1o1 + sy
2

xy}

Th(x) = 5

a a

T4 (x) is a sufficient statistic

The solution to the integral equation (13.136) is

Qt) = —2 x S(t)

SNR is given by

2= [Tawson =15
o2
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But the
Then the

(13.146)

(13.147)



Example 13.3: Signal space method for digital communications

Ho: X(t) = N(t),
o X{E)=N{(t) (13.148)
Hy: X(t)=S;(t)+ N(t), i=1,2.... M.

Note that not all signals S,(t) are linearly independent.

Recall the Gram-Schmidt orthogonalization process:

A Sl(f)
1(t) = —
0 s
ro(t) = Sa(t) — so1uq(?)
un(t) 2 20
. 7]
ri(t) = Si(t) — siqui(t) — sioua(t) — — Sii—1Ui—1(7)
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Il

Let us compute the following likelihood ratio, instead of f(x|H, (Why?)

f(@|H;) R e S ol
L(x|H;) é—_e){p ’ 1 =1.2,.... M, (13.149)
) = ) o) 2 =
where
T
J'k:/ up ()X (6)dt, k=1,2,...,m; (13.150)
0
T
Sik = / uy(t)S;(t)dt, k=1,2,....m, and i =1.2,..., M. (13.151)
0
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14.1 The Poisson Process

Definition 14.1 (Poisson process). A Poisson process of rate \ is a counting process N(t), t > 0,
taking values in the set Z+ = {0,1,2,...} such that

(a) N(0) = 0, and N(t) is non-decreasing, i.e., if ta > t1, then N (t2) > N(t1).
(b) Its transition probabilities

Pmn(h) £ PIN(t+h) =n

N(t) = m]

are stationary (i.e., independent of t) and satisfy

I —Ah+o(h), ifn=m,
Pon(h) = A+ o(h), itn=m+1, (14.2)
o(h), itn>m+ 2.

where o(h) represents a quantity that approaches zero faster than h as h — 0, ie.,

limp—o %h) = (.

(c) If t > s, then N(t) — N(s), the number of arrivals in (s.t], is independent of N (s), the
number of arrivals in (0, s].

[]
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Theorem 14.1. The Poisson counting process N (t) is Poisson distributed with mean \t, i.e.,

(AB)™ ¢

PIN(t)=n] = ™ n=012. . (14.3)
TL.

Proof.
pn(t) = P[N(t) = n
N(t+ h) = n occurs if
(i) N (t) = n, and no arrival in (¢, 7 + A
or (ii) N(#) = n — 1 and one arrival in (¢,7 + h/.
pn(t+h) = (1= A+ o(h))pn(t) + (A + o(h))pn_1(t) + o(h)
= (1 — Ah)pn(t) + Ahpn—1(t) + o(h), n >1,

=0 po(t+h) = (1= A)po(t) + o(h)

Ipn (t

dpn (1) = Apn_1(t) — A\pn(t), n>1.
] dt (14.7)
B0 _ t). pal®) = b
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(a) Induction method:
From (14.7) we readily find
po(t) = Coe M
C'y can be determined as Cp = 1
po(t) =e€
Substituting this result into (14.7) withn =1

p1(t) = Me M 4 Cre=M

—At

where C7 = p1(0) =0
p(t) = e M

We repeat the same procedure

At)™
pﬂ{t):{ ) M on=0,1,2,....

n!

(14.13)
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(b) Probability generating function (PGF) method:
o0
G(z,t) & B[N0 = Z-pn(t):.;”. (14.14)
n=~0

Multiplying (14.7) by z", and summing it over n

9
;7(;(,;. t) = \2G(2.1) — AG(2,1) = A(> — 1)G(=, 1). (14.15)

From the initial (or boundary) condition Pn(o) — 5n,0

G(z,0) = 1. (14.16)
Then

— (\t)"
G(z,t) = MEDE = =N Z (A1) 2" (14.17)

n!
n=0

By comparing the coefficients of z" in (14.14) and (14.17),
we arrive at (14.13).
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Theorem 14.2 (Interarrival times of the Poisson process). The interarrival times
X1, Xo,....X,....of the Poisson process are independent exponential RVs with mean 1/ ), i.e.,

PX,<uz]|=1—e >0, foralln. (14.18)
Proof. Let us consider first X,

X1 > . if and only if no arrival in (0, x|

P[X; > x] = P[N(x) = 0] = po(x) = e (14.19)

P[X, > x| X = t;] = P[Noarrival in (t1,#; + x]| X1 = t4]

— P[No arrival in (t,,t; + z]] = ¢™*.
Similarly,
P[)fn = ;i-'|){1 — tl-. )(2 - IL,Q - 11,1_. . a s T‘X’ﬂ—l — tn—l — It-t_g}
= P[Noarrival in (t,_1.tp_1 +2]] = e, (14.22)
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14.1.2 Properties of the Poisson Process

1. Memoryless property of Poisson process
R=X-Y.

PIR<r|X>Y]=1—-e = Fx(r).

2. Superposition of Poisson processes

N(t)=> "N,

Gr(z,t) = E [J:N;c(t)} _ o Aet(1-2)

(2, 1) :E[ 2 k=1 Nk (t ] H(,k(.,.f — g At(l==z)
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3. Decomposition of a Poisson process

For each arrival, we place it into the Ath output substream
with the probability 77
Then, the conditional joint distribution of Ny (#)given N(t) =n

n!

Plnq,nag,.... N |n] = ni'ng! -+ -m

which is a multinomial distribution (cf (3.122) of p. 68).
By multiplying the probability distribution (14.13),

Plni,na, ..., = — A SRREE
nq1.1M2.- Ny

m o
— H (rEAD)™ e TRAL _ H P(ng;rpAt),

; |
TLl.
=11 k

where P(7; a) is the Poisson distribution defined by (3.77).
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4. Uniformity of Poisson arrivals

h
Pt <7 <t + hlan arrival in (0,7]] = % + o(h).

We can prove (14.31) as follows.

The joint probability that
there are 7 arrivals in a subinterval (0, ¢]
one arrival in (f,t + h]
and n — ¢ — 1 arrivals in (f + h, T

( ()\.I‘-)i E—)\t) (/\h_ﬁ—m) ( [/\(iﬂ—j Z—_h)l] ;_i’_l E__—)\(T—t—h))

2!

1

B A\ he M (n —1

(n—1)! )f-i(T = h)”_i—l

(14.31)

Summing the above expression over the possible values of 7,
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A he N 2/ — 1\ .
t" (T —t— h)" 1
(n—l)!z( i ) ( )

1=0

AT =h)"
= o e (14.33)

Since A 1s an infinitesimal interval, we rewrite (14.33) as
P|n arrivals in (0, 7| with an arrival in (¢,¢ + Al
(/\T)n—l

= ( ) Ahe ™+ o(h)
n—1)!

Plan arrival in (¢, ¢ + h]|n arrivals in (0, 7]

(n—1)!

(AT)™ AT
n! '

OT)" % \he=AT 4 o(h)

nh
— % +o(h).
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Since the n arrivals are independent, any one of them will fall

into the interval (¢, ¢ + h| with equal chance, with probability %

This final result 1s independent of n, hence the conditional probability
1s unconditional. Thus, we have proved (14.31).

S. Infinitesimal Generator of Poisson Process
Let p,(t) = P|[N(t) = n] and

The infinitesimal generator or transition rate matrix

AN 00 -]
0 =X A 0

Q=10 0 A A (14.38)
0 0 0 —A--
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Then, the set of differential-difference equations (14.7)

can be compactly represented by

= p(t)' Q. (14.39)

which 1s a variant of Kolmogorov's forward equation defined in (16.34).
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