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13.2 Generalized Fourier series expansions

13.2.1 Review of matrix analysis

B
Xy | I .
X=|. XTex T — (X X5...... *)
| X
where H is called Hermitian.
R=EXX"]|=[Ry]. Rij=FE[X;X]]. 1<i.j<n. (13.71)
l. R is a self-adjoint matrix (or a Hermitian matrix)'’:
R" = R.

2. R is non-negative definite, 1.c..

a’ Ra = (a, Ra) > 0, forany vector a.
3. Let A be an eigenvalue and w (= 0) be its associated right-eigenvector:

Ru=MXu, or (R—A)u=0. (13.75)
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lull & V{u,u) =1
characteristic polynomial in A of order /V:

det [R — M| =0, (13.77)

4. Let \;’s (j=1,2,..., n) be the set of eigenvalues

and u;’s be their associated eigenvectors.

[ Hj,1

'Eijjg . ‘
uj=1| . |.j=12...n (13.78)

| Uj,n
The eigenvalues A;’s are all real and nonnegative

M > > . >\, >0, (13.79)
The set of eigenvalues is also called the spectrum of R.

. 1. 7 =71.
H J
(wi, uj) = ug uj = 6; ; = {0. P4
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The set of eigenvectors w;’s are said to be orthonormal.

5. u'! is the left-eigenvector associated with \;:

ul! R = \jull. (13.81)

6. R can be expanded as

n

R=) Nujull =) \E; (13.82)
j=1 j=1

7. Define an n x n matrix U by

U=u.us, - ,u,], UH= (13.85)
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Then
vl =1 — U =U"". (13.86)

A matrix U with this property is called a unitary matrix.

8. We can write R as

R=UAUY = UAU . (13.87)
"N 0 ... 0
0 N\yp... 0
A=| . . (13.88)
00 ...\,
A=U'TRU =U”RU. (13.89)

This relation between R and A is called a similarity transformation.

11/4/2013 Copyright Kobayashi 2013 5



9. A random variable vector X with the correlation matrix R

= Zwuj (13.90)
El|| X — Z x;u*] =0, (13.91)
j=1
where ||[Y]|? = (Y,Y) is the norm square of Y
o= (uy X) =) ul X, (13.92)
i=1

the projection of vector X onto the basis vector u;

X; s are RVs and are orthogonal to each other

(Xi>Xj) = E’(z’(;] = Xj0; ;. (13.93)
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An Application : The Principal Component Analysis (PCA)

Approximate the expansion of X of (13.90) using k(<n) terms:

k
Xk = Zﬁ(j’ufj. k < n.

j=1
The mean squared error 1s

EQ%E[

Xk—Xﬂ = i A

j=k+1

10. If the sequence { X} is WSS,

B-;_r'_:j — E[JX}}{;] — R-f__j. 1 ﬂ e‘j ﬂ T.

called a Toeplitz matrix
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(13.94)

(13.95)

(13.96)



(13.75) becomes a set of convolution sum expressions
n—1
> Rijup =g, i=0.1.2.....n—1, (13.98)
k=0

11. A circulant matrix is completely specified by one vector

C = (_CU- C1,Co, ", C‘Tl—l)_

(_-'.'D f_-']_ CQ T (_-Tﬂf_]_
Cn—1 Co C1-°°° Cpn-2
C = |n-26€Cn-1¢C " Cpn-3| | (13.100)
L Co C3 co

The jth eigenvalue 1s
n—1
A=Y aWFi=0,1.2....n—1, (13.101)
k=0
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where o i2m

The corresponding eigenvector 1s

w; = (L, W3, W2 ... we=bhT o 5—0,1,2,...,n—1. (13.102)
(3.101) shows that the set of eigenvalues (Ao, A1, ..., An_1) isthe
DFT of (C‘U. CleeeesCp_1).

The correlation matrix R of a WSS discrete-time process has
the circulant structure if and only if the process 1s periodic
with a period that divides n

12. If the Toeplitz matrix 1s of infinite dimension, we can use the

generating function method (i.e., a polynomial representation)
o0

R(z) = Z Rzt u(z) =) w2t (13.103)

i=—00 i=0
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Then (13.98) becomes

(R(2) — A) u(z) = 0. (13.104)

A= R(e™) =27 P(w). (13.103)

where

o0

P(w) =

1 - |
o Rye kv, (13.106)
i e ~o
1s the power spectrum of the WSS discrete-time process
X = (X, 0 <n < o00),asdiscussed in Section 13.1.5.

The set of eigenvalues become the power spectrum P(w)
In this case the number of distinct eigenvalues are infinite,
and not even countable.
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13.2.2 Karhunen-Loéve Expansion and lts Applications
Our objective is to find

X() ") Xju(t), 0<t<T (13.107)
We want to have doilble orthogonality
(U, U ) 2 /DT Ly (B)un () dt = O (13.108)
and |
(X, X)) £ E[X X0 = A\ndimon (13.109)

Then the autocorrelation function should be

S Xt )Z X (s)

n

_ZZ/\ Onm“n Z/\ “»n U ( T. (13.110)

R(t.s)= E[X(#)X*(s)| = E
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Then we find

/DTB(“UR .:Z/\ wn (t /n (s)uk(s)ds

|
E?

T

A s must be eigenvalues and the functions u(#) must be
the eigenfunctions of the integral equation:

nUn (f) (l)n?k = /\kuk (f) .

0<t<T.

T
/D R(t, s)u(s)ds = u(t), 0

<t<T.

R(t,s) is called the integral kernel

(13.111)

(13.112)

Conversely, we can construct an orthogonal expansion method for X ()

X, = /T X (t)ul, () dt =

(un

(1), X (1)),
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Let N

Then 1t readily follows that

and

N
E[|X(t) = Xn(t)|P] = R(t.t) = > Apun(t)uj (1),
n=1

Hence, the Karhunen-Loéve (K-L) expansion

N
E[X(1) X} (#)] = EXN (X3 (1)] = D Anun(t)uy, (t

N
X(t) =limpy o Y Xnun(t), 0<t<T.

n=1
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(13.115)

(13.116)

(13.117)

(13.121)
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The energy of the square integrable function X (%) is

E [/[;T pf(f)‘g df] = F /[;T i Xptn(t) i Xy () dt

| n=1 m=—1
=E | Y |[Xal*| =) A (13.122)
n=1 n=1
E 1/T X (t)]? dt —1i)\ (13.123)
7 X@Pa “T 2 3.123
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Example 13.1: Signal detection problem.

Consider two hypotheses

Ho: X()=N(@#), 0<t<T;
Hi: X(H)=St) +N@#) 0<+<T.

(13.124)

S(t) is a known deterministic function
N () 1s a complex-valued Gaussian process (see Section 12.4)

T
f Ry(s.t)up(t)dt = Mpug(s), 0<s<T, k=1,2,.... (13.125)
0

T

T T
Xk/ Wi ()X (t) dt, Sk/ wi(t)S(t) dt, and A-Tk/ wh(4)N(t) dt.
J0 0

40

Hy: X =N,
Hy: X=5+N.

(13.126)
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(A O -or 0T
- ﬁ _ 0 Ay --- 0
EIN;N{] =Ajdjx, or EINN"] = | = | £A. (13.127)
L0 0 - Apg
Mo M a? )
= X — = X —xH A 3.
fX(3:|H0) EQW)\R: exp{ ; /\R } (QW)MrldetA‘ EXI)[ A m} (1 128)
1
fx(x|Hy) = 277 [ det A] exp [—(z — )" Az — 5)]. (13.129)

The likelihood ratio is defined by

M

¥, Lor¥e, — 7~2
Z Spl T LSk ‘5;»‘ ] _ (13.130)

Ak
k=1 k

fx(x|Hy)

L(x) = Fx (| Ho) = exp [
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We declare that there is no signal present if L(x) < A\, or

M M
SyUg + XSk |5k |?
Top(x) 25 ZE2E TRk 8 Pkl 13.131
() kzﬂ v n +kz::1 " ( )
Letting M — oo
> .S*;ifk —i—;if*sk > .5'*;,1.';6
T(x) = k R — OR k . 13.132
Define 00
Q(t) =) qru(t) (13.133)
k=1
where
Qe = Sk/\k
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Then, the test statistic, T(x), can be written as

T(z) = 2R {i

k=1

T
fﬁi’k} = 2R {/ Q" (1) X (1 )(h‘} (13.134)
0

Using representation (13.110)

Z/\ku;,, suj (), (13.135)

We can show that Q(t) is the solution of the following Fredholm integral
equation of the first kind:

T
/ Ry (t,u)Q(u) du = S(t). (13.136)
Jo
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Consider a linear filter with the following impulse response function

h(t) 2 Q" (T —t), 0<t<T, (13.137)

Then the integration in (13.134) can be expressed as

t
f Q (1) X ( )rh‘.:fh( VX (t—s)ds| . (13.138)
0 t=T

--The LHS is the output of the correlation receiver or the correlator.
--The RHS is the sampled value (at t=T) of the output of the matched filter h(t).

The false alarm probability and signal miss probability can be represented
in terms of the signal-to-noise ratio (SNR)

2o skl r
éz _/ Q*(t)S(t)dt. (13.139)



Example 13.2: The K-L expansion when noise is white

Ry(s,t) = o%0(s —t). (13.140)

The integral equation (13.125) reduces to

o’ /T 5(s — thu(t)dt = Au(s), 0<s<T. (13.141)

0
which 1s simply 52?-!-(-5') = A\u(s), 0<s<T.

Consider the first orthonormal basis function u,(t) defined by

ui(t) = rg) where ||S[|* = /T 1S ()| dt. (13.143)

* 0

The expansion coefficients (c.f (13.113), (13.126) ) are

T
Loty L= [ S )S(t)di= S
r] = —/ S*()X(t)dt 51— 1SN Jo SH)S(#) dt = 5]
0
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We could find other orthonormal basis functions u,(t), k=2, 3, ....
corresponding expansion coefficients s, are all zero for k=2, 3, ....

test statistic T(x) of (13.132) reduce to

s1o1 + sy
2

xy}

Th(x) = 5

a a

T4 (x) is a sufficient statistic

The solution to the integral equation (13.136) is

Qt) = —2 x S(t)

SNR is given by

2= [Tawson =15
o2
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Then the

(13.146)

(13.147)
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Example 13.3: Signal space method for digital communications

Ho: X(t) = N(t),
02 X (1) = N(D) (13.148)
H: X(t) = S;(t)+ N(t), i=1.2,.... M.

Note that not all signals S,(t) are linearly independent.

Recall the Gram-Schmidt orthogonalization process:

A S1(t)
1(t) = —
w0 i
ro(t) = Sa(t) — so1us(?)
u(t) 2 120
o 72|
ri(t) = Si(t) — siqua(t) — sjoua(t) — - - — sii—a1ui—1(t)
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Il

Let us compute the following likelihood ratio, instead of f(x|H, (Why?)

f(@|H;) R e S ol
L(x|H;) é—_e){p ’ 1 =1.2,.... M, (13.149)
) = ) o) 2 =
where
T
J'k:/ up ()X (6)dt, k=1,2,...,m; (13.150)
0
T
Sik = / uy(t)S;(t)dt, k=1,2,....m, and i =1.2,..., M. (13.151)
0
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