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 Review of the Fourier series and Fourier transform of nonrandom functions
 Fourier analysis of periodic WSS process
 The Wiener-Khinchin formula
 Peoriodogram analysis  of time-series data
 Eigenvector-based orthogonal expansion of random vectors
 The Karhuenen-Loéve expansion
 Principal component analysis (PCA)
 Singular-value decomposition (SVD)
 Autoregressive moving average (ARMA)
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Let g(t) be a real or complex-valued periodic function of period T.

If g(t) is absolutely integrable over a period T, i.e.,

then g(t) has its Fourier series expansion

If g(t) is of bounded variation in the interval [0, T] , then  

10/23/2013 3Copyright Kobayashi 2013



If g(t) is square integrable over the period  T, i.e., 

then

which we write

Parseval’s formula or Parseval’s identity

(finite power)
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13.1.2  Fourier transform

 If g(t) is square integrable on the whole line, i.e., 

Then, the Fourier transform G(f) exists,  which is also square integrable

that is,

The inverse transform is given by

The above Fourier transform (under the square integrable condition) is 
often called the Fourier-Plancherel transform.
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 If g(t) is absolutely integrable, i.e., 

then

Similarly, if the transform G(f)  is absolutely integrable, then

Parseval’s formula :
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13.1.3  Analysis of periodic wide-sense stationary random process

Suppose that the autocorrelation function  RX(τ) is a periodic function with 
some period T.

For such a periodic WSS random process, we have

If a sample function x(t)= X(ω, t) for some ω is periodic and can be expanded in 
Fourier series,

It can be shown (see, e.g., Doob [82]) that under the condition
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the integral

exists with probability  1, and the following expansion exists:

The Fourier series expansion of a periodic WSS process, as stated in (13.25) 
and (13.26), can be derived using the double orthogonality (13.27) and 
(13.28) below.
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Then we can show that the Fourier series expansion of Xn(t) converges to   X(t) in 
the mean square sense:

Remark on the equivalence of random variables

Equivalence almost surely (or with probability 1)  and  equivalence in the mean 
square between two random variables are actually the same (Problem 13.3), i.e., 

Thus, we my write simply X = Y in most contexts without ambiguity.
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13.1.4    Power Spectrum

The inverse transform is given by

The above property that the power spectrum and the autocorrelation function 
form a Fourier transform pair is known as the Wiener-Khinchin formula or the 
Wiener-Khinchin theorem.
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The correlation function or the normalized autocovariance function:

Some authors define the spectrum distribution function as

Then the Wiener-Khinchin formula becomes

The density function and the power spectrum are related by
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 Long-range dependent (LRD) process

If the autocorrelation function decays according to a power law, i.e.,

with 0 < β <1.
Then the autocorrelation is not integrable , i.e.,

Such a process is called a long-range dependent (LRD) process.  It can be 
shown that the power spectrum takes the form
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13.1.5   Power spectrum and periodogram of time series

A time series  { Xn } is said to be WSS if 

and the autocorrelation function  takes the form

Similarly, the autocovariance function of  the WSS time series is

The serial correlation coefficient of lag k (or order) by
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13.1.5.1   Power spectrum and the Wiener-Khinchin formula

and the inverse transform

form a discrete-time version of the Wiener-Khinchin formula.
By setting k = 0, and noting  C[0]= E[(Xk – μk)2]=σk

2 ,

The Fourier transform that defines the (power) spectrum 
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The normalized version of the (power) spectrum

Is called the (power) spectral density function.

13.1.5.2  Periodogram of a time series

For the observed sequence of length N, consider its Fourier transform:

with

It is sufficient to consider values at ω = 2πm/N,  m=0, 1, 2, …, N-1, 
owing to the sampling theorem in communication theory. 
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Sampling Theorem: (Kotelnikov, Shannon, Someya: See footnote 14 )

A continuous-time bandlimited signal  x(t) ; - ∞ <t < ∞, can be reconstructed from 
sampling data  xn= x(nΔt);  n= 0, ±1, ±2, …, if sample spacing Δt [sec] satisfies 
Δt≤1/2W, where  W [Hz] is the maximum frequency component in x(t).

Observing the duality between the time domain and the frequency, and between 
the Fourier transform and its inverse transform, it is apparent that the sampling 
theorem suggests that the spectrum S(f) of a time-limited signal of duration T [sec] 
can be reconstructed from the uniformly spaced samples of the spectrum  
Sn =S(nΔf), if Δf ≤ 1/T by interpolating with weighting functions

By denoting

we have
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The relation is commonly called the discrete Fourier transform (DFT) of 

Its inverse discrete Fourier transform (IDFT) is

The absolute square of DFT

is called the periodogram.
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We can show (Problem 13.5)

where

is an asymptotically unbiased estimate of CX[k], i.e., 

By taking the expectation of the equation at the top,

For sufficiently large N,
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Example:  A Gauss-Markov process (GMP)

where { Wn } is white Gaussian noise.  
Set  α =0.7  and  N= 1024.
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Why does  the periodogram fluctuate erratically?

Write  the Fourier transform of (13.55) and (13.56) as follows

where

 Both 

 They are uncorrelated because of the orthogonality between cosine and 
sine functions.

 Due to the CLT, they are both asymptotically normally distributed, hence 
they are asymptotically independent.

 The individual components for different values of m are asymptotically
independent.
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 Thus, for a given index m, 

is asymptotically exponentially distributed

 Thus, the periodogram fluctuates erratically, when it is plotted as a 
function of m.

 Multiple periodograms must be properly processed in order to obtain a 
smoothed estimate of the spectral density.

 However, the periodogram is a convenient statistic in testing for 
independence of the process { Xn }.

 The normalized cumulative periodogram
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13.2   Generalized Fourier series expansions

13.2.1  Review of matrix analysis

where H is called Hermitian.
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