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13 Spectral Representation of
Random Processes and Time
Series

*»* Review of the Fourier series and Fourier transform of nonrandom functions
¢ Fourier analysis of periodic WSS process

** The Wiener-Khinchin formula

¢ Peoriodogram analysis of time-series data

¢ Eigenvector-based orthogonal expansion of random vectors

*¢ The Karhuenen-Loéve expansion

¢ Principal component analysis (PCA)

+* Singular-value decomposition (SVD)

¢ Autoregressive moving average (ARMA)



13.1 Spectral Representations of Random Processes and Time
Series

13.1.1 Fourier Series

Let g(t) be a real or complex-valued periodic function of period T.

If g(t) is absolutely integrable over a period T, i.e.,

T
[ g(t)|dt < oo, (13.1)
Jo
then g(t) has its Fourier series expansion
N
1

an (1) = Z gre2™Jot  where i = /—1, and fy £ T (13.2)
k=—N

I ork
9k = 7 / g(t)e 2mkIot gi (13.3)
JO

If g(t) is of bounded variation in the interval [0, T], then

xll_im gn (t) = g(t). (13.4)
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If g(t) is square integrable over the period T, i.e.,

f |_.f_.|[#:l|ir|'# < 00, (finite power)
then )
lim f law (£) — g(£)|2dt = 0,
B —e K]
which we write N
g(t) =limy . ¥ gpe i2¥nfut
n N

Parseval’s formula or Parseval’s identity
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13.1.2 Fourier transform

/7

s If g(t) is square integrable on the whole line, i.e.,

/_ g(t)|? dt < oo, (13.9)

o0

Then, the Fourier transform G(f) exists, which is also square integrable

A

G(f)z].i.m.‘q_,_x/ g(t)e 2™t at. (13.10)
J_—A
that is,
00 A 2
Jim [ G(f) —[ g(t)e 2™t dt| df = 0. (13.12)
A—=00 J_ o J—A
The inverse transform is given by
B a
g(tjzl.i.m.g_m[ G(f)e* It df, (13.11)
J—B

The above Fourier transform (under the square integrable condition) is
often called the Fourier-Plancherel transform.
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Parseval’s formula :

[_l G(f)? df = / (t)2 dt. (13.17)

*» If g(t) is absolutely integrable, i.e.,

7 lg(t)| dt < >

then o0 |
G(f) = / g(t)e 2™t gt (13.15)

o

Similarly, if the transform G(f) is absolutely integrable, then

g(t) = /:“ G(f)e™ " df. (13.16)

oo
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13.1.3 Analysis of periodic wide-sense stationary random process

Suppose that the autocorrelation function R,(1) is a periodic function with
some period T.

Rx(t+T)=Rx(r), forall — oo < 7 < 0. (13.19)
For such a periodic WSS random process, we have
E[|X(t) - X(t+T)]] =0, (13.20)

the RVs X (¢) and X (¢ +T') are said to be equal in mean square

If a sample function x(t)= X(w, t) for some w is periodic and can be expanded in
Fourier series,

- . 1
. _ _ :Lgﬁf(]t — % 2
x(t) ﬂ;xxnf . fo T (13.21)
1 [* ;
z, & = / z(t)e 2ot gy (13.22)
T Jo '
It can be shown (see, e.g., Doob [82]) that under the condition
T
/ El| X (1)]] dt < oo, (13.23)
Jo
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the integral

exists with probability 1, and the following expansion exists:

A 1 g —i2mn fot
Xn2 o [ X (e 2t dt
JO

N
X(t) = Lim.y .o Z X, e?mfot 0<t<T,

n=—1mN

(13.26)

The Fourier series expansion of a periodic WSS process, as stated in (13.25)
and (13.26), can be derived using the double orthogonality (13.27) and
(13.28) below.

|. The set of trigonometric functions {e?™/of:n =0,+1,+2,...}, where f; = . forms an

1
T

orthogonal basis for L2(T'), the space of square integrable functions over the interval [0, T']:

T
/ E_zzrrmfuﬁeizmlf“t dt = (5m__nT-
0

(13.27)

2. The Fourier expansion coefficients { X, }'s defined by (13.25) are RVs, which are orthogonal to
each other in the sense that any pair of RVs X,,, and X,, (m s n) are uncorrelated. Recall that

we defined the orthogonality of RVs in Section 10.1.1 (cf. Definition 10.3).
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Then we can show that the Fourier series expansion of X, (t) converges to X(t) in
the mean square sense:

N 2
lim E || > X,e?mfol — X (¢) — 0. (13.29)

N —=eco
n——mN

Remark on the equivalence of random variables

Equivalence almost surely (or with probability 1) and equivalence in the mean
square between two random variables are actually the same (Problem 13.3), i.e,,

~ IIl.5. oo . > .5, r
X = Yifandonlyif X =Y.

Thus, we my write simply X = Y in most contexts without ambiguity.



13.1.4 Power Spectrum

Definition 13.1 (Power spectral density). The power spectral density (or simply power spectrum)
of a WSS random process X (t) is defined by

Sy (f) 2 F{Ry (7)) = / Ry (r)e—27F7 dr. (13.30)
where Ry (1) is the autocorrelation function of X (t):
Rx(t)=FE[X(t)X(t—71)]. (13.31)
]
The inverse transform is given by
Rx(t)=F 1[Sx(f)] = / Sx(f)e ™ df. (13.32)

The above property that the power spectrum and the autocorrelation function
form a Fourier transform pair is known as the Wiener-Khinchin formula or the

Wiener-Khinchin theorem.
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The correlation function or the normalized autocovariance function:

OV . - ) R _ 2
oy (7) 2 Cov[ X ()X (¢ *r)__ = ;g;(*r)::3 ,L-:X? (13.33)
(Var[X (¢)]Var[ X (t —7)]) '~ Tx
Rx (1) =o%px (T) + p. (13.34)
Some authors define the spectrum distribution function as
px(T) = / €T dFy (w), (13.35)
Then the Wiener-Khinchin formula becomes
px(r) = F Hix @)} = [ Fx(@)e do, (13.36)
] ]‘ - —1WT ’
Fr(w) = Flox(r)h = 3= [ px(ryerdr, (13.37
The density function and the power spectrum are related by
Sx(f) =2no% fx(2nf) + p26(f). (13.40)
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% Long-range dependent (LRD) process

If the autocorrelation function decays according to a power law, i.e.,

p(T) x ——, as || = oo,

with 0 < B <1.

Then the autocorrelation is not integrable , i.e.,

['3‘3 p(T)dT = 0.

JO

(13.41)

(13.42)

Such a process is called a long-range dependent (LRD) process. It can be

shown that the power spectrum takes the form

S(f) o [f" for f~0,

where v =1 — f3.

(13.43)



13.1.5 Power spectrum and periodogram of time series

A time series { X, }is said to be WSS if

E[X,]| = px foralln (13.44)
and the autocorrelation function takes the form
E[ X, X,k = Rx[k] forall n and k. (13.45)

Similarly, the autocovariance function of the WSS time series is

Cx[k] & E[(X, — pix)(Xpar — 1x)] = Rx[k] — p3% forall n and k.
_ . + . ] X

The serial correlation coefficient of lag k (or order) by
_ Cx [k Rx[k] — 143
PX _H = _ } — [ 5 2

— 0 < k < 0. (13.47)

—1< px[k] <1, and px[0] = 1. (13.48)
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13.1.5.1 Power spectrum and the Wiener-Khinchin formula

The Fourier transform that defines the (power) spectrum

1 — i
PX (Ld) £ 5 Z (.fX [A’]{?‘_Ikw‘

k= __ (13.49)
1 - _
=5 [(.‘X 0] + .Z‘Z Cx k] Cf()h(;ll';d)] < w<T
k=1
and the inverse transform
m . m
Cx k] = / Px (Lu’)ffm'i"'? dw = / Px (w) cos kw dw. (13.50)
— T — T
form a discrete-time version of the Wiener-Khinchin formula.
By setting k = 0, and noting C[0]= E[(X, — 1 )*]=0,2,
mw
ox = [ Px(w)dw. (13.51)
o —T
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The normalized version of the (power) spectrum

Px (w 1 — ik
};ﬁ ) o Z px [K]e ™ (13.52)
X = k=—oc

Is called the (power) spectral density function.

13.1.5.2 Periodogram of a time series

For the observed sequence of length N, consider its Fourier transform:

N-1
N 1 i Ty
X(hjf\w) = VN Z(*rn —fm))-ﬁm“’. - <w <, (13.53)
LV n=0
with o 1 N-1
T — T Z L. (13.54)
T n=0

It is sufficient to consider values at w = 2rim/N, m=0, 1, 2, ..., N-1,
owing to the sampling theorem in communication theory.
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Sampling Theorem: (Kotelnikov, Shannon, Someya: See footnote 14 )

A continuous-time bandlimited signal x(t) ; - oo <t < oo, can be reconstructed from
sampling data x,= x(nAt); n=0, £1, £2, ..., if sample spacing At [sec] satisfies
At<1/2W, where W [Hz] is the maximum frequency component in x(t).

Observing the duality between the time domain and the frequency, and between
the Fourier transform and its inverse transform, it is apparent that the sampling
theorem suggests that the spectrum S(f) of a time-limited signal of duration T [sec]
can be reconstructed from the uniformly spaced samples of the spectrum

S, =S(nAf), if Af < 1/T by interpolating with weighting functions

sin(w—(2mm/N))
w—(2mrm/N)
By denoting

o (9
X = XV (“%”) | (13.55)

we have



N-1

1
*er - Ty — 1 lleT?n/‘N
75 Z%
N 1
Wmn m=1,2,.... N -1
- D n "= (13.56)
m = 0.

where W = 227/N
The relation is commonly called the discrete Fourier transform (DFT) of

{J-‘n — E(N)} Its inverse discrete Fourier transform (IDFT) is

£y, — T XNyw=mnp—=0,2,...,] N — 1. (13.57)
P>

The absolute square of DFT

m=1

N— 2

pw )_‘X(N‘ (en —F™YW™| = 0,1,2,... N —1, (13.58)

™

n=>0

is called the periodogram.
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We can show (Problem 13.5)
N-1

I\ A(N): i .
PN = % <1N) W =0.1,2... N — 1, (13.59)
k=—N+1
where
| min(N—k,N)
~“(N)rp1a . _—=(N) . _—(N) . N
Y [AJ_N_‘M > (=) (=) k= 0,£1. . £(N=1).  (13.60)

n=max(1,k+1)

is an asymptotically unbiased estimate of C,[K], i.e.,

lim E[C(V[K] = Cx[k]. (13.61)

N—oo

By taking the expectation of the equation at the top,

(N) 2 — |k : 2mmk
EPM=0% Y (1- v ) pxlkleos (=) (13.62)
k=—N+1 - o

For sufficiently large N,

= 2mkm 2mm
EPM~ Y Ox[k] Cos( ‘N"”):%PX( P\fg) cm=0,1..,N—1. | (13.63)

k=—oc
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Example: A Gauss-Markov process (GMP)
S —=aS,  +W,. n=0.2 .. ] N — 1. (13.64)

where { W, } is white Gaussian noise.
Set a=0.7 and N=1024.

Gauss—Markov Process

5
< 9 ..I| TLK RN nh h“:. nulLJ | n.hJ“ ln. 4
% wwrw PR A A r( LT AR A
_5 | 1 ]
0 200 400 600 800 1000
n
Periodogram
50 T |
B
o
0 200 400 600 800 1000
W
Normalized cumulative periodogram
1 |
Z 05¢ -
O | | | | |
0 200 400 600 800 1000
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Why does the periodogram fluctuate erratically?

Write the Fourier transform of (13.55) and (13.56) as follows
XM = AN BN -y =1,2,... ] N -1, (13.65)

1 N-1 >
Where *_l(f\-r) . Z In COS g ;’i”?
n=0

(N N ) . y ¢
» Both ?(,1 ) and B;Fn ) have zero mean and variance O‘i—/ 2.

** They are uncorrelated because of the orthogonality between cosine and
sine functions.
+** Due to the CLT, they are both asymptotically normally distributed, hence
they are asymptotically independent.
% The individual components [ V)1 for different values of m are asymptotically

independent.
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/7

** Thus, for a given index m,

)2 )2

PN — A= L BUN= - = 1,2, ..., N — 1. (13.67)

is asymptotically exponentially distributed

*¢ Thus, the periodogram fluctuates erratically, when it is plotted as a
function of m.

s Multiple periodograms must be properly processed in order to obtain a
smoothed estimate of the spectral density.

** However, the periodogram is a convenient statistic in testing for
independence of the process { X, }.

+*¢* The normalized cumulative periodogram

m (N)
[ n= P 1 < . AT /¢
QM) = gh,l Sy = L2 M (= [N/2]), (13.68)

n=1




White Noise

5 I I I
g g u‘ll A {NLY 1 f AR I1...|I. 'I"I ALy AN | 4 ik ..i ..Lrl. WAL I|.| \ Iall.lluu L
= 0 ke ] il R |
_5 l 1 1 l 1
0 200 400 600 800 1000
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Periodogram
10 | | |
3 5t .
o
0 LA VALV B naLd! L Mkt BTN
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Figure 13.2 White noise W,,, its peoriodogram and normalized cumulative periodogram.
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13.2 Generalized Fourier series expansions

13.2.1 Review of matrix analysis

X1
Xo
X = XTex T — (X X5...... )
| X7
where H is called Hermitian.
R = E[XXH} = |Ryi;], Ri; = ELXLX;:. 1 <i,7 <n. (13.71)
1. R is a self-adjoint matrix (or a Hermitian matrix)'’:
R" =R

2. R is non-negative definite, i.e.,
a”’ Ra = (a, Ra) > 0, for any vector a.
3. Let A be an eigenvalue and w(=£ 0) be its associated right-eigenvector:

Ru=Mu, or (R—X)u=0.
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lull & V{u,u) =1
characteristic polynomial in A of order /V:

det [R — M| =0, (13.77)

4. Let \;’s (j=1,2,..., n) be the set of eigenvalues

and u;’s be their associated eigenvectors.

[ Hj,1

'Eijjg . ‘
uj=1| . |.j=12...n (13.78)

| Uj,n
The eigenvalues A;’s are all real and nonnegative

M > > . >\, >0, (13.79)
The set of eigenvalues is also called the spectrum of R.

. 1. 7 =71.
H J
(wi, uj) = ug uj = 6; ; = {0. P4
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The set of eigenvectors w;’s are said to be orthonormal.

5. u'! is the left-eigenvector associated with \;:

ul! R = \jull. (13.81)

6. R can be expanded as

n

R=) Nujull =) \E; (13.82)
j=1 j=1

7. Define an n x n matrix U by

U=u.us, - ,u,], UH= (13.85)
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Then
vl =1 — U =U"". (13.86)

A matrix U with this property is called a unitary matrix.

8. We can write R as

R=UAUY = UAU . (13.87)
"N 0 ... 0
0 N\yp... 0
A=| . . (13.88)
00 ...\,
A=U'TRU =U”RU. (13.89)

This relation between R and A is called a similarity transformation.
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