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sn
2 /n2 (11.69)
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Suppose

Similarly, 
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Define the normalized average 
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Then we restate Theorem 8.2 of page 201 as follows:
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 The CLT for the case where the Xk are independent but not 
necessarily identically distributed.   

Define the third absolute central moment:
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 The necessary and sufficient condition for the CLT

Consider the following quantities:

U
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A discrete-time random process or a random sequence,  denoted as 
Xt or   Xk .

A continuous-time random process , denoted as   X (t)

The term time series is used often almost synonymously with discrete-time 
random process, in statistics, signal processing, econometrics and social sciences.

12.2.1  Discrete-Time vs. Continuous-Time Processes
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State space:  a set of possible values that a random process, discrete or 
continuous in time,  may take on

Examples of discrete states :
A Bernoulli trial:        S={ s, f }  or  S={ 0, 1}
A simple random walk:     S = {0, ± 1,  ±2,  ±3, …  }  (step size)
The price of a stock:  S= {0, 1, 2, ….  }  (unit price)

Examples of continuous states:
The temperature  as a function of time:   S =(-∞, ∞ )
Gaussian process:    S = (-∞, ∞ )
Brownian motion or Wiener process, a limit of the random walk :   S = (-∞, ∞ )
Inter-arrival time of a Poisson process:   S=[0, ∞)

Digital technology transforms  a continuous-time,  continuous-space process to 
a discrete-time, discrete-space  process.  E.g.,  CD and DVD.

12.2.2  Discrete-State vs. Continuous-State Processes
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12.2.3  Stationary vs.  Non-Stationary Processes

A process   X(t)  is called a stationary process if its distribution function

is  independent of  time t.  Otherwise  X(t) is called  nonstationary.

Examples of stationary process:
An infinite series of Bernoulli trials
A Gaussian process

Examples of nonstationary process:
A random walk:   The variance is proportional to the step size n.
Brownian motion:    The variance   is proportional to time t.
The price of a stock or the Dow Jones’ index

Mathematically, a stationary process must have  begun in the infinite past  
and will continue into the infinite future.  We write  X(t);  -∞< t < ∞.
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12.2.4    Independent versus dependent processes

Examples of independent processes:
A Bernoulli trials
Step sizes of a random walk (i.e., the difference sequence of a random walk)
White noise  (i.e., the power spectral is flat for all frequencies)
Interarrival times of a Poisson process
Many examples of  random sequences  Xk or Xn discussed in Chapter 11.

Examples of dependent process
A random walk
Brownian motion  (integration of white noise)
A Makov process (discrete-time, continuous-time)

Packet traffic  over LAN is known to have long-range dependency (LRD)
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12.2.5   Markov chains and Markov processes 

12.2.5.1   Discrete-time Markov chain (DTMC)

A discrete-time random process  {Xk} is called a simple Markov chain, if  Xk+1 is 
Independent of 

i.e., if  Xk+1 depends on its past only through its most recent value  Xk .

A Markov chain of order h is a sequence in which  Xk depends on its past only 
through its h previous values,  Xk-1,  Xk-2, … , Xk-h.

A Markov chain of order h defined over state space  S can be transformed into 
a simple Markov chain by defining the state space 
the h-times Cartesian product of S with itself.

10/14/2013 Copyright Kobayashi 2013 23



Markov chain models and related hidden Markov  models (HMMs) are used in a 
variety of fields, including linguistic models for speech recognition, DNA and 
protein sequences,  network traffic, etc.  (cf. Chapters 1 and 20).
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The simple Markov chain defined above is often referred to as a discrete-time 
Markov chain (DTMC).

If there are M different states, we can label them, without loss of generality, by 
integers 0, 1, 2,  M-1, i.e., 
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12.5.2  Continuous-time Markov chain  (CTMC)

For a given DTMC  { Xk }  we can construct a continuous-time Markov chain 
(CTMC)  X(t) 

Figure 12.2 (b)  of the previous slide shows a sample path of a CTMC.

The future behavior of  X(t); t ≥ tn depends on its past  X(s);   − ∞ < s < tn only  
through its current state  X(tn)=  i ϵ S , because of the memoryless property of 
the exponential distribution.

For a Poisson arrival process,  let  X(t) be the cumulative number of arrivals (or 
births) up to time t.  This counting process is a CTMC.


