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1 Introduction

1.1  Why Study Probability, Random Processes, and Statistical
Analysis?

** Motivations/Applications
- Communication, information, and control systems
- Signal processing
- Machine learning
- Biostatistics, bioinformatics, and related fields
- Econometrics and mathematical finance
- Queueing and loss systems
- Other application domains
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1.1.1 Communications, information, and control systems

** An example: In design of a mobile handset, we face several
“stochastic” or “probabilistic” issues:
- The signal: only statistical properties may be known.
- The channel characteristic is often time varying.
- Interfering signals coming from other users are noise like.
- Thermal noise at an antenna and RF amplifier.
- Algorithms to recover the signal are often probabilistic.

+ Signals (as well as noise) are often represented as Gaussian processes
- For band-pass signals (or noise), a complex-valued Gaussian process.

*» Use of statistical estimation and decision theory in modern
communications.

*» Filtering and prediction have been mathematically formulated based
on probability theory: Wiener filter and Kalman filter

* Poisson processes to represent call or packet arrivals.

» Information theory is a branch of applied probability theory.
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1.1.2 Signal processing

** Processing: filtering, compression, feature extraction, classification.
+» Signals are often characterized as random processes.
+* Statistical inference theory has been applied.
*»* Markov process representation.
e.g., Markov chain representation of the first 20,000 letters of
Pushkin’s Eugene Onegin (Markov)

e.g., Markov model representation of a written English text (Shannon)

1.1.3 Machine learning

+** Probabilistic reasoning and the Bayesian statistical approach play an
important role.

+* Hidden Markov model (HMM), Bayesian network, artificial neural
network (ANN), etc.

s* Example: Speech recognition technology
- HMM at phoneme level
- The Viterbi algorithm for sequence estimation

- The expectation-maximization (EM) algorithm to estimate model
parameters.



1.1.4 Biostatistics, bioinformatics, and related fields

+* Probabilistic formulation and statistical analysis are important
+* Related fields include computational biology and epidemiology.
s Examples of well used methods:

- Principal component analysis (PCA)

- Singular value decomposition (SVD)

- Maximum-likelihood estimation

- Hypothesis testing and statistical decision approach

- Receiver operating characteristic (ROC)
** Random processes used in bioinformatics

- Brownian motion

- Diffusion process



1.1.5 Econometrics and mathematical finance

** In econometrics, a time series or a discrete-time random process is used
to represent data.
- Autoregressive (AR) model
- Autoregressive moving average (ARMA) model
- Vector autoregression (VAR) or vector ARMA, cf. Prof. C. Sims
** Numerical Bayesian method
- Markov chain Monte Carlo (MCMC) simulation
s In mathematical finance, a continuous-time random processes is
used.
- Brownian motion (aka Wiener process, Wiener-Lévy process)
- Geometric Brownian motion (GBM), or exponential Brownian motion
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+* Black-Scholles differential equation
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% Stochastic differential equation (by Kiyoshi [t6)



1.1.6 Queueing theory and other applications

** When multiple users contend for a resource simultaneously,
congestion occurs.

* Users may be put in a queue, or rejected (or lost).

% 1917: Agner Krarup Erlang (1878-1929)
Father of queueing theory (aka traffic theory)

** The Poisson process plays an important role

** Recent developments: queueing network models
and loss network models.
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1.2 History and Overview

1.2.1 Classical probability theory

R/

s+ 1654: Correspondences between Blaise Pascal (1623-1662) and Pierre de
Fermat (1601-1665) regarding questions on gambling by Antoine Gombaud
(1607-1684).

% 1657: Christiaan Huygens’ (1629-1695) book, “De ratiociniis in ludo aleae
(On reasoning in games of chance).”
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1.2.1 Classical probability theory —cont’d

s 1713: Jacob Bernoulli (1645-1705)’s book “Ars conjectandi (The art of
conjecture)” published posthumously. “Bernoulli’s Theorem” (see p. 28
Theorem 2.1 of the textbook) is discussed.

See Note 1 ; The Bernoulli family

** 1730s: Abraham de Moivre (1667-1754) sharpened Bernoulli’s theorem,
and derived a central limit theorem by introducing the normal
distribution
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1.2.1 Classical probability theory —cont’d

s 1764: Thomas Bayes (1701-1761), “Essay towards solving a
problem in the doctrine of chances,” published posthumously.
“Bayes’ Theorem” is discussed.

+* 1783: Pierre-Simon Laplace (1749-1827) used the normal
distribution to study measurement errors.

¢ 1809: Carl Friedrich Gauss (1777-1855) used the normal
distribution in the analysis of astronomical data.
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1.2.1 Classical probability theory —cont’d

+» 1812: Pierre-Simon Laplace, “Théorie analytique des probabilités (Analytic
theory of probability).” The central limit theorem for i.i.d. (independent
and identically distributed) random variables is discussed.

+* 1835: Siméon-Denis Poisson (1781-1840) described Bernoulli’s theorem as
“La loi des grands nombres (The law of large numbers).”

+ 1837: The Poisson distribution appeared in his paper “Research on the
probability of judgments in criminal and civil matters.”

+* 1866: John Venn (1834-1923) emphasized the frequency interpretation of
probability in “Logic of chance.” Empiricism in probability. Influenced the
development of the theory of statistics.
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1.2.1 Classical probability theory —cont’d

¢ Towards the end of the 19t century, probability began to play a fundamental
role in statistical thermodynamics:

Ludwig Boltzmann (1844-1906)

¢ By the late 19t century: rise of the Russian school of probability
Pafnuty Lvovich Chebyshev (1821-1894)
Andrei A. Markov (1856-1922)
Aleksandr Mikhailovich Lyapunov (1857-1918)
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1.2.2 Modern probability theory

** The early twentieth century: French mathematicians regained interest in
Mathematical probability:
- Emile Borel (1871-1956)
pioneered measure theory
- Paul Pierre Lévy (1886-1971)
pioneered martingale theory

¢ 1900: David Hilbert (1862-1943) listed probability as a sub-discipline of
his sixth problem (out of 23 open problems), i.e., axiomatic foundations
for physics.
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1.2.2 Modern probability theory —cont’d

+** 1933: Andrey Nikolaevich Kolmogorov (1903-1987) published
“Grundbegriffe der Wahrscheinlichkeitsrechnung (Basic concepts of
probability theory).”
His axiomatic probability theory has become widely accepted.

** The “limiting frequency theory” approach, advocated by Richard von
Mises (1887-1953) declined. :

Richard von Mises
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1.2.3 Random processes
1.2.3.1 Poisson process to Markov process

9/16/2013

¢ The Poisson process is named after Siméon-Denis Poisson (1781-
1840).
¢ Birth-death process

«* 1907: Markov introduced what we now call a discrete-time Markov
chain (DTMC).

+* Markov chains or Markov processes have been applied to many
problems:
-- Queueing theory, Information theory, Hidden Markov model
(HMM), PageRank algorithm used in Google search.

¢ The concept of martingale was introduced by Paul Pierre Lévy
(1886-1971) ,and developed by Joseph Leo Doob (1910-2004).
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1.2.3.2 Brownian Motion to It0 Process

+» 1827: Robert Brown (1773-1858) observed the irregular
motion of pollen particles suspended in water.
A phenomenon called Brownian motion.

+** 1900: Louis Bachelier (1870-1946) gave a mathematical description of
Brownian motion in his Ph.D. thesis “Théorie de la spéculation
(The theory of speculation).”

% 1905: Albert Einstein (1879-1955) published “Uber die von der
molekularkinetischen Theorie der Warme geforderte Bewegung von in
ruhenden Flissigkeiten suspendierten Teilchen (On the movement of
small particles suspended in a stationary liquid demanded by the
molecular-kinetic theory of heat)”
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1.2.3.2 Brownian Motion to It0 Process —cont’d

** 1906: Marion Smoluchowski (1872-1917) “Essai d’'une théories cinétique
du mouvement Brownien et des milieux troubles (Outline of the kinetic
theory of Brownian motion of suspensions).”

¢ Jean-Baptiste Perrin (1870-1942) experimentally verified the Einstein-
Smoluchowski theory, and put an end to the century-long dispute about the
existence of atoms and molecules. Received Nobel prize in 1926.

¢ Brownian motion was further investigated mathematically by Lévy, Nobert
Wiener (1894-1964), A. N. Kolmogorov (1903-1987), William Feller (1906-
1970).
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1.2.3.2 Brownian Motion to It6 Process —cont’d

s 1944: Kiyoshi It6 (1915-2008) published Stochastic Integral. The “Ito
calculus” and stochastic differential equations are foundations of
modern mathematical finance. =

+** The mid 1960s: Paul Samuelson (1915- 2009 ) discovered Bachelier’s
Ph.D. thesis. Recognized the applicability of the theory of Brownian
motion to analysis of financial markets.

¢ Fischer Black (1938-1995), Mylon S. Scholes (1941- ) and Robert C.
Merton (1944- ) developed the Black-Scholes-Merton model for option
pricing by applying Itd process.
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1.2.4 Statistical Analysis and Inference

¢ The history of mathematical statistics cannot be separated from that of
probability theory.

** The method of least squares is often credited to Gauss (1777-1855),
Adrien-Marie Legendre (1752-1833, Note 1), Robert Adrain (1775-1843).

,'
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** Gauss also showed the optimality of the least-square approach to
regression analysis.

+*» Karl Pearson (1857-1936) is credited for the establishment of the discipline

of statistics. He contributed to theory of linear regression, correlation and

chi-square test.

e

9/16/2013 Copyright Hisashi Kobayashi 2013 20



1.2.4 Statistical Analysis and Inference-cont’d

% 1912-1922: Sir Ronald Aylmer Fisher (1890-1962)
developed the notion of maximum likelihood estimator.
He also worked on the analysis of variance (ANOVA),
F-distribution, Fisher information and design of experiment.

% Early 20t century: Theory of hypothesis testing
was developed. Jerszy Neyman (1894-1981)

and Egon Sharpe Pearson (1895-1980) are

best known for the Neyman-Pearson lemma.

\/
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theory, statistical communication theory and control theory.
The minimum unbiased estimator bound, the Cramér-Rao bound, is due to
Carl Harald Cramér (1893-1985) and Calyampudi Radhakrishna Rao (1920- )
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Estimation and decision theory provided foundations for radar detection
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1.2.4 Statistical Analysis and Inference-cont’d

** 1949: Norbert Wiener (1894-1964), “Extrapolation, Interpolation, and
Smoothing of Stationary Time Series.”

¢ 1960: Rudoph Emil Kalman (1930- ) introduced what is known as
Kalman filter. ‘

s 1977: Arthur P. Dempster, Nan M. Laird and Donald B. Rubin
developed the Expectation-Maximization (EM) algorithm. It has been
widely applied to signal processing, communications, biology and
medical research and diagnosis.
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Big Data and Statistical Analysis

See my talk given in Japan in January 2013.
http://hp.hisashikobayashi.com/big-data-and-future-networks/

Outline of the talk
How Much Information? How Big is Data?
President Obama’s Open Government Initiative
President Obama’s Big Data Initiative
Big Data in Science and Technology Research
NITRD Program, NSF, DARPA, DOE
Big Data in Enterprises
Call for Data Science and Data Scientists
Big Data and Networks
References

For the slides see:
http://forum.nwgn.jp/library/pdf/sokai 07/13 BigDataandNetworks-

Jan19-withAppendices.pdf
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Note 1:

The Bernoulli Tamily
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Fig 1. The Bernoulli Family Tree (the ones circled in red are mathematician
members)
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Note 2:

The Mistaken Portrait of Adrien-Marie Legendre (1752-1833):

For over a century the portrait shown below (left) has been displayed as the
mathematician Legendre http://en.wikipedia.org/wiki/Adrien-

Marie Legendre but in 2005 two students of the University of Strasbourg
discovered this portrait belongs to a politician Louis Legendre (1752-1797)
http://en.wikipedia.org/wiki/Louis Legendre

In 2008 a 1820 watercolor caricature of Adrien-Marie Legendre by French
artist Julien-Leopold Boilly was discovered (below, right). This seems the
only existing portrait of the mathematician.
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